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Abstract 

This thesis includes several original results. All of them are already pub- 
lished or submitted for publication. The thesis is based on articles [51] , [12] , [33J , 
[31], [35], [36], [30], [37] and reproduces the results of |50j for completeness. 
I present here the short summary of main results: 

The ultraviolet singular structure of the bulk-to-bulk propagators for higher 
spin gauge fields in Ad Si space is analyzed in details. One loop mass renormal- 
ization is studied on a simple example. 

The conformal invariant Lagrangian with the k-th power of Laplacian for 
the hierarchy of conformally coupled scalars with increasing scaling dimensions 
connected with the k-th Euler density is rederived using the Fefferman-Graham 
ambient space approach. The corresponding gauged ambient metric, Fefferman- 
Graham expansion and extended Penrose-Brown-Henneaux transformations are 
proposed and analyzed. 

Linearized gauge invariant interactions of scalar and general higher even spin 
fields in the AdSo space are obtained. A generalized Weyl transformation is 
proposed and the corresponding Weyl invariant action for cubic coupling of a 
scalar to a spin I field is constructed. 

Using Noether's procedure several cubic interactions between different HS 
gauge fields are derived, including cubic selfinteraction of even spin gauge fields 
in a flat background. Then the main result - the complete off-shell gauge invari- 
ant Lagrangian for the trilinear interactions of Higher Spin Fields with arbitrary 
spins si,S2,S3 in a flat background is presented. All possibilities with different 
numbers of derivatives are discussed. Restrictions on the number of derivatives 
are obtained. For any possible number of derivatives this interaction is uniquely 
fixed by gauge invariance up to partial integration and field redefinition. 

Finally an off-shell generating function for all cubic interactions of Higher 
Spin gauge fields is presented. It is written in a compact way, and turns out to 
have a remarkable structure. 
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Chapter 1 
Introduction 



Higher Spin gauge field theory is one of the most important and puzzling prob- 
lems in modern quantum field theory. The first attempts to deal with a quantum 
theory of high spin particles date back to late 1930-s and 1940-s, with the works 
of Dirac |T] , Fierz and Pauli [2] , Rarita and Schwinger [3] and others. One of the 
most important concepts in quantum field theory is Poincare symmetry. In the 
classical papers jl] and [5] the irreducible representations of Poincare group were 
classified. These irreducible representations are characterized by two quantities - 
mass and spin. After discovery of nonabelian gauge theory by Yang and Mills [6] 
the role of gauge symmetries in quantum field theory was acknowledged. It be- 
came clear that the invariance of the Lagrangian with respect to local symmetry 
is the cornerstone of any field theory. 

There are higher rank tensor representations of the Poincare group [U [5], 
which are not yet associated with any physical field theory. It is clear that the 
higher rank tensor representations of the Poincare group, the Higher Spin fields, 
are gauge fields that one has to introduce gauging higher derivative symmetries 
of the action. 

It is natural to assume that Higher Spin gauge field interactions are much 
weaker than gravitational ones, that's why we don't see any evidence for these 
interactions. They should be important only in a very high energy regime. An 
interesting speculative application of Higher Spin gauge fields might be also it's 
connection to Dark Matter and/or Dark Energy. 

Nowadays the best candidate for quantum gravity is String Theory. In the 
spectrum of the String Theory there are excitations with any high spin, therefore 
String Theory gives another motivation for investigations of Higher Spin gauge 
fields to take place. 

A new motivation for investigating Higher Spin gauge field theories arose 
during the last decade after discovering the holographic duality between the O(N) 
sigma model in d — 3 space and Higher Spin gauge field theory living in the space 
AdS± |7J, which is an interesting special case of AdS/CFT conjecture [8]. This 
case of holography is especially important by the existence of two conformal points 
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of the boundary theory and the possibility to describe them by the same HSF 
gauge theory with the help of spontaneous breaking of higher spin gauge symmetry 
and mass generation by a corresponding Higgs mechanism ([9]- [13] and references 
therein) . 

After the nonabelian gauge theory of vector fields [B] appeared, there were 
numerous attempts to construct a gauge theory with a gauge group which mixes 
space-time and internal symmetries in a nontrivial way. These attempts resulted 
in several no-go theorems. The most general result was obtained by Coleman and 
Mandula in [14J. They have proved a theorem on the impossibility of combining 
space-time and internal symmetries in any but a trivial way, which holds not 
only for Lie groups but is also applicable to infinite-parameter groups. The 
moral of this theorem is that if the assumptions of the theorem hold, there can't 
be Higher Spin charges. Therefore Higher Spin fields, if existing, don't participate 
in interactions. In order to have an interacting theory of Higher Spin fields one 
has to loosen some of the assumptions of the Coleman-Mandula theorem. Then 
it was shown that it is possible to overcome this theorem introducing graded 
Lie algebras [T5"} [To 7 } [T7] , which give rise to the supersymmetric theories. It was 
shown in [18] that the only possible algebras that mix space-time and internal 
symmetries are graded Lie algebras, which in addition to the standard generators 
of Poincare algebra include also supersymmetry generators with spin one-half. 

Two other no-go theorems were formulated by Steven Weinberg and Edward 
Witten in 1980 [19J. One of them rules out electrically charged fields with spin 
s > 1/2, the other theorem forbids theories with a Lorentz covariant energy- 
momentum tensor which include fields with spin s > 1. These theorems don't 
apply to gauge theories though, therefore the search for Higher Spin gauge theo- 
ries wasn't proved to be meaningless. 

Despite all the no-go results (see also [20]), using the Lagrangian formulation 
of Higher Spin theories by Singh and Haagen [211 122] , the consistent Lagrangian 
description for free Higher Spin gauge fields both in flat space and in constantly 
curved backgrounds was given by Fronsdal in [231 [22] for bosonic fields and by 
Fang and Fronsdal in [2U [2S] for fermionic Higher Spin fields. Fronsdal's theory 
of Higher Spin gauge fields includes some new features. There are constraints 
on Higher Spin gauge fields and the gauge parameters. In order to have a gauge 
invariant field equation of motion that is linear in the Higher Spin gauge field 
and of second order in the derivatives, the gauge parameter should satisfy the 
tracelessness condition. This is so-called Fronsdal's first constraint. In order to 
have a gauge invariant kinetic Lagrangian for free Higher Spin gauge fields, the 
field itself should be double traceless. This is Fronsdal's second constraint. On- 
shell gauge symmetry allows to gauge away all nonphysical components of the field 
and to obtain a traceless transversal tensor field with a simple Klein- Gordon-like 
equation of motion. For the spin s field we get two possible helicities: ±s. The 
possible deformation of the gauge algebra of Fronsdal's Lagrangian, which should 
lead to the Higher Spin interacting gauge theory is considered as a challenge 
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already 30 years. Fronsdal's theory of Higher Spin gauge fields is a natural 
generalization of linearized gravity, and is called also metric-like formulation of 
Higher Spin gauge fields. 

The generalization of Christoffel symbol and Riemann curvature of linearized 
gravity for Higher Spin cases was given by deWitt and Freedman in [27] ■ There 
are s — 1 Christoffel symbols for Higher Spin gauge fields, with different numbers 
of derivatives (from 1 to s — 1). They are all linear in the field and transform 
under gauge transformations in a simple way. The curvature of the Higher Spin 
field, also linear in the field, is invariant with respect to gauge transformations. 
Interesting properties of Higher Spin field curvatures are discussed in [28]. The 
full nonlinear form for the deWitt-Freedman curvature and Christoffel symbols 
(if any) is still unknown. 

Despite the fact that consistent equations of motion for Higher Spin gauge 
fields are known over twenty years [29], the question of existence of Lagrangian for 
interacting Higher Spin gauge fields is still open. The subject of special interest is 
a minimal selfinteraction of even spin gauge fields, where one can naively expect 
the existence of an Einstein-Hilbert type nonlinear action for any single even spin 
gauge field. Although there are known restrictions on Higher Spin theories in flat 
space-time, the recent development [30] has shown that there is a local higher 
derivative cubic interaction Lagrangian for gauge fields with any higher spins in 
flat space-time of any dimensions. This shifts the no-go theorems to the quartic 
power of fields in interaction Lagrangians, where one can expect the final battle 
for the existence of local (or nonlocal) Lagrangians for interacting HS gauge field 
theory in flat space. 

Gauge symmetry, which is a redundancy of non-physical degrees of freedom in 
the Lagrangian, is the main principle which helps to choose the right Lagrangian 
for the given theory. To quote C. N. Yang, gauge symmetry dictates the form 
of the interaction^. In this thesis we will show that for Higher Spin gauge fields 
interactions are uniquely determined by gauge symmetry. 

The free Lagrangian for Higher Spin gauge fields both in flat space and in 
constantly curved backgrounds (dS and AdS) are known over thirty years [221 
|2U [2J2 |2B]. In contrast to free theory, attempts to construct Lagrangians for 
interacting theories haven't been successful yet beyond the cubic vertices. In this 
thesis we are going to discuss only trilinear interactions of Higher Spin gauge 
fields. 

Our recent results [30], [32]- [37] on Higher Spin gauge field cubic interactions 
in flat space, which certainly reproduce the flat limit of the famous Fradkin- 
Vasiliev vertex for higher spin coupling to gravity [3S], show that all interactions 
of higher spin gauge fields with any spins si, s%, S3 both in flat space and in dS 

*This quotation along with a very beautiful review of the history of gauge symmetries you 
can find in [5Tj . 
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or AdS are uniqu^l! This was already proven for some low spin cases of both the 
Fradkin-Vasiliev vertex for 2, s, s and the nonabelian vertex for 1, s, s in [39] . 

The first important step towards cubic interactions in Higher Spin gauge field 
theory in covariant formulation was done in 1984 by Berends, Burgers and van 
Dam [10]. They constructed a cubic selfmteraction Lagrangian for spin three 
gauge fields and proved impossibility of extension to higher orders. Their argu- 
ments are based on gauge algebra, which does not close for a single spin three 
nonabelian field. The authors give an optimistic hope that it will be possible to 
extend this Lagrangian to higher orders if one takes into account corrections from 
interactions with gauge fields with spins higher than three. A recent discussion 
on this subject appeared from Bekaert, Boulanger and Leclerq [JT]. They show 
the impossibility to close this non-abelian (spin 3) algebra taking into account 
corrections from interactions of other fields with spins higher (or lower) than 
three. 

The first successful result on Higher Spin gravitational interactions was de- 
rived in the already mentioned work by Fradkin and Vasiliev |38j . where a cubic 
coupling of Higher Spin gauge fields to linearized gravity was constructed in the 
constantly curved background. The interesting property of this Lagrangian is 
it's non-analyticity in the cosmological constant, therefore excluding a flat space 
limit. However it was shown already in [39] that after rescaling of Higher Spin 
gauge fields one can observe a flat limit for the Fradkin-Vasiliev interactions. In 
our approach the spin s gauge field has scaling dimension [length] s ~ 2 , and the 
Fradkin-Vasiliev vertex has a flat limit with 2s — 2 derivatives (minimal possible 
number) in the 2 — s — s interaction which has the same scaling dimension as the 
Einstein-Hilbert Lagrangian terms. As it was shown by Metsaev in [42J using a 
light cone gauge approach, there are three different couplings to linearized gravity 
with different numbers of derivatives for any higher spin s field, and in general 
min{si, S2, S3} + 1 different possibilities with different numbers of derivatives for 
the s\ — S2 — S3 interaction. All these interactions were derived in a covariant 
off-shell formulation in [30], and I am going to discuss them in this Thesis. 

For some important results on higher spin cubic interactions see [43j-[47j and 
references therein. For recent reviews see [48J. 

The only Section in this Thesis that is not directly connected to Higher Spin 
theory is Section I4.1[ where I give brief introduction independently. 

All the Chapters in this Thesis are more or less independent, in some cases 
there are even differences in conventions, therefore I give notations and conven- 
tions independently where needed. 

The formalism which I use in this Thesis is developed in Chapter [21 where 
I present also well known results in the free theory of Higher Spin fields: the 
Fronsdal Lagrangian, the deWitt-Freedman curvatures and Christoffel symbols 
for HS gauge fields and the Bianchi identities that connect them as well as some 



^The cubic interaction Lagrangian is unique up to partial integration and field redefinition. 
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new connections between these quantities following from their Bianchi identities. 

In Chapter [3]the ultraviolet singular structure of the bulk-to-bulk propagators 
for higher spin gauge fields in AdS^ space is analyzed in details. One loop mass 
renormalization corresponding to interactions with the Higgs scalar are studied. 
This mass renormalization is finite and connected with the anomalous dimensions 
of those currents in the corresponding boundary CFT 3 that cease to be conserved 
when the interaction is switched on. In particular it is proportional to i — 2 for 
a spin £ field. 

In Chapter H] the hierarchy of conformally coupled scalars with increasing 
scaling dimensions = k — d/2, k = 1,2,3,... connected with the k-th Euler 
density in the corresponding space-time dimensions d > 2k is proposed. The cor- 
responding conformal invariant Lagrangian with the k-th power of Laplacian for 
the already known cases k — 1, 2 is reviewed, and the subsequent case of k = 3 
is completely constructed and analyzed. The same hierarchy is rederived using 
the Feffer man- Graham d + 2 dimensional ambient space approach. The corre- 
sponding mysterious "holographic" structure of these operators is clarified. We 
explore also the d + 2 dimensional ambient space origin of the Ricci gauging pro- 
cedure proposed by A. Iorio, L. O'Raifeartaigh, I. Sachs and C. Wiesendanger 
as another method of constructing the Weyl invariant Lagrangians. The cor- 
responding gauged ambient metric, Fefferman-Graham expansion and extended 
Penrose-Brown-Henneaux transformations are proposed and analyzed. 

Then another generalization of conformal coupling of the scalar to the gravity 
is considered. The explicit form of linearized gauge invariant interactions of 
scalar and general higher even spin fields in the AdSr, space is obtained. In the 
case of general spin i a generalized 'Weyl' transformation is proposed and the 
corresponding 'Weyl' invariant action is constructed. In both cases the invariant 
actions of the interacting higher even spin gauge field and the scalar field include 
the whole tower of invariant actions for couplings of the same scalar with all 
gauge fields of smaller even spin. 

In section 15.11 of Chapter [5] several trilinear interactions of higher spin fields 
involving two equal (s = s x = s 2 ) and one higher even (s 3 > s) spin are presented. 
Interactions are constructed on the Lagrangian level using Noether's procedure 
together with the corresponding next to free level fields of the gauge transfor- 
mations. In certain cases when the number of derivatives in the transformation 
is 2s — 1 the interactions lead to the currents constructed from the generaliza- 
tion of the gravitational Bell- Robinson tensors. In section 15721 of Chapter [5] using 
Noether's procedure the complete cubic selfinteraction for the case of spin s = 4 
in a flat background is presented and the cubic selfinteraction for general spin 
s with s derivatives in the same background is discussed. The leading term of 
the latter interaction together with the leading gauge transformation of first field 
order are presented. In section 15.31 of Chapter [5] the complete solution for the 
trilinear interactions of arbitrary spins s\, s%, S3 in a flat background is presented, 
the possibility to enlarge this construction to higher order interactions in the 
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gauge field is discussed. Finally the expansion of a general spin s gauge trans- 
formation into powers of the field and the related closure of the gauge algebra in 
the general case are discussed. 

In the recent paper [19] by Sagnotti and Taronna the authors proposed an 
on-shell generating function for the general HS cubic interaction presented in [30] 
from a massless limit of String Theory. In the final Chapter [H] of this thesis I 
am going to present an off-shell extension of that generating function, which can 
surprisingly be enhanced with a beautiful Grassmann structure, the string origin 
of which is not clear yet. 

In this Thesis I am not going to address many important directions in Higher 
Spin gauge field theories like Mixed Symmetry Higher Spin fields (see |8"7]-[102j 
and references therein), Unconstrained Higher Spins ( [BO], [21], |1U3] and ref- 
erences therein), Unfolded formulation of Higher Spin dynamics f |104] - [TTU] and 
references therein), Vasiliev equations ([29], |128j and references therein), BRST 
approach to Higher Spins ( |110| - [TTi] ). Light Cone gauge formulation ([I2]. |116] - 
|117] and references therein), some AdS/CFT aspects ([10], [115] and references 
therein), some String-inspired constructions ( |118] - [T2"2"] and references therein), 
partially massless Higher Spin fields ([123]- [T2"T] and references therein). 

Another weakness of this Thesis is the lack of a group-theoretical description: 
the study of the non-abelian gauge algebra which stands behind the interactions 
presented in this Thesis as well as "Higher Spin geometry" interpretations (if 
any) will follow in the future. The interactions we discuss in this Thesis don't 
include fermionic half-integer spin fields, which is another important direction to 
generalize these results. 



Chapter 2 



Free Higher Spin Gauge fields 



2.1 Technical setup and important relations in 
free HSF theory 

We work with Higher Spin Gauge Fields in Fronsdal (metric-like) formulation 
[221 ES], in which the spin s field is double traceless fully symmetric s-th rank 
tensor. The most elegant and convenient way of handling symmetric tensors such 
as h$n2...n s (z) is by contracting it with the s'th tensorial power of a vector a M of 
the tangential space at the base point z 

s 

h^\z;a) = J2(R a ^U^M- (2.1-1) 

Hi i=l 

In this way we obtain a homogeneous polynomial in the vector a M of degree s. In 
this formalism the symmetrized gradient, trace and divergence ard3 

Grad : h {s \z; a) =► Gradh {s+l \z; a) = {aV)h {s \z; a), (2.1.2) 

Tr : h {s \z; a) Trh {s - 2) (z; a) = -——D a h^(z; a), (2.1.3) 

8(8 ~ 1) 

Div : h {s \z- a) DivhS s ~ x \z] a) = -(Vd a )h {s) (z; a). (2.1.4) 

s 

Next we introduce the notation * , for a contraction in the symmetric spaces 
of indices a or 6 



v ' 1=1 



To manipulate reshuffling of different sets of indices we employ other differentials 
with respect to a and b, e.g. (adb) or (bd a ). Then we see that operators (adb), a 2 , b 2 



*To distinguish easily between "a" and "z" spaces we introduce for space-time derivatives 
g|jr the notation V M . 
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are dual (or adjoint) to (bd a ), with respect to the "star" product of tensors 

with two sets of symmetrized indices (I2.1.5P 

-{ad b )f m - 1 ^{a,b)^ h g^ n - 1 \a,b) = f^ n \a,b) * a , b -(bd^g^^b), (2.1.6) 
n m 

m(m — 1) 

(an analogous equation for b 2 ) (2-1-7) 

In the same fashion gradients and divergences are dual with respect to the full 
scalar product in the space (z; a, b) 

(aV)/^- 1 ^; a, b) * a , b g^ n \z- a, b) = -/("»-!.») a, b) * a>b ^(Vd a )g^ n \z; a, b) 

m 

(an analogous equation for (6V)) (2.1.8) 

We will use the deWit-Freedman curvature and Christoffel symbols jSTJIHS]. The 
n-th deWit-Freedman- Christoffel symbol is 

r$(*;M) - C^^...^..^ = [(6V) - i(av)(w a )]r« y^ft.a), (2.1.9) 

or in another way 

rW^ft.o) = (Q[(&V) - i(aV)(69.)])/ l W(z;o). (2.1.10) 
k=i 

We contracted them with the degree s tensorial power of one tangential vector a M 
in the first set of s indices and with a similar tensorial power of another tangential 
vector b v in its second set. The deWit-Freedman curvature and n-th Christoffel 
symbol are then written as 

T {s \z;b,a) : T is) {z;b, Xa) = T {s \z; Xb,a) = AT w (z; 6,0), (2.1.11) 



rg^M) : T^ ) (z',b,\a)=X'r^ ) (z-,b,a), (2.1.12) 

r«(«;A6,o) = A»r«(z;6 ) o), (2.1.13) 

r«(*;M) = r$(*;M)|n=.. (2.1.14) 

Now one can prove that [27J EE] : 

(aa 6 )r (s) (^; a, 6) = (bd a )T^(z; a, b) = 0. (2.1.15) 



These "primary Bianchi identities" are manifestations of the hidden antisymme- 
try. 
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Using the following commutation relations 

min{n,m} 



[(65 B )», (aV) m ] = ^ fe! rj (™) (bV) k (aV) m - k (bd a r- k ,(2.1.1Q) 
n b (bvy = i(i - l)(bvy- 2 n, (2.1.17) 

dl(bvyd£(bd a y = ij{bvy-\bd a y-\vd a ), (2.1.18) 

□ 6 (&<9 a ) J = j(j - l)(^ a )^ 2 n a , (2.1.19) 



and mathematical induction we can prove that 

k\ 



r^(z-b,a) = J2 [ -^ L m n '~ k (aV) k (bd a ) k h^(z;a). (2.1.20) 

fc=0 

The gauge variation of a spin s field is 

5/i (s) (z; a) = s{aV)e (s - 1 \z] a), (2.1.21) 
with traceless gauge parameter 

nj s ~ 1 \z;a)=0, (2.1.22) 
for the double traceless gauge field 

n 2 a h is) {z;a) = 0. (2.1.23) 
The gauge variation of n-th Christoffel symbol is 

5T^(z;b,a) = ^—^(aVr +1 (bd a ) n e^- l \z;a), (2.1.24) 

putting here n = s we obtain gauge invariance for the curvature 

5T^(z;b,a) = 0. (2.1.25) 

Tracelessness of the gauge parameter (12.1.221) implies that b-traces of all Christof- 
fel symbols are gauge invariant 

□ 6 *rW(z;&,a) = -^^{aV) n+ \bd a ) n - 2 uJ^\z-a) = 0. (2.1.26) 

Thus for the second order gauge invariant field equation we can use the trace of 
the second Christoffel symbol, the so called Fronsdal tensor: 

J*"\z;a) = ±n b r$(z;b,a) 

= nh (s \z; a) - {aV){Vd a )h^{z; a) + ^aV) 2 D a /i (s) (z; a).(2.1.27) 
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Using equation (12.1.2011 for Christoffel symbols and after long calculations we 
obtain the following expression 

n- 2 (_-l)k 

□ b r«(z; b, a) = ~jr( n -k)(n-k- l)(bV) n - k ' 2 (aV) k (bd a ) k ^ s \z; a). (2.1.28) 

k=0 

We have expressed the b-trace of any through the Fronsdal tensoiQ (or the fa- 
trace of the second Christoffel symbol, which is the same (I2.1.27P ). which means 
that there are only two nontrivial gauge invariant objects-Fronsdal tensor and 
deWit-Freedman curvature of higher spin gauge field. But this is not the whole 
story. Using mathematical induction and (12. 1 . 16[1 - (12. 1 . 19j) again we can show 
that 

V ^-(n - k)(n - k - l)(bV) n - k - 2 (aV) k (bd a ) k F {s \z; a) 
z — ' k\ 

k=0 

n 1 

= n(n - - -(aV)(bd a )])^ s \z; a). (2.1.29) 

k=3 

In particular for the trace of the curvature we can write 

D b T^(z; b, a) = s(s - l)U(a, b, 3, s)J r(s \z; a), (2.1.30) 

where we introduced an operator mapping the Fronsdal tensor on the trace of 
the curvature 

s 1 

U(a,b,3,s) = l[[(bV) - ~(aV)(bd a )\. (2.1.31) 

fc=3 

Now let us consider this curvature in more detail. First we have the symmetry 
under exchange of a and b 

T {s) (z; a, b) = (-l)T (s) (z; b, a). (2.1.32) 

Therefore the operation "a-trace" can be defined by (12. 1.30[1 with exchange of a 
and b at the end. The mixed trace of the curvature can be expressed through the 
a or b traces using "primary Bianchi identities" (12. 1. 15j) 

(d a d b )T^(z;b,a) = ~(bd a )n b T^{z;b,a) = -^(ad b )n a T^(z;b, a). (2.1.33) 

The next interesting properties of the higher spin curvature and corresponding 
Ricci tensors are so called generalized secondary or differential Bianchi identities. 

tWhich means that all b-traces of all Christoffel symbols are zero On-shell when Fronsdal 
equation ^"'(z; a) = holds. 
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We can formulate these identities in our notation in the following compressed 
form ([...] denotes antisymmetrization ) 

^-J-V A1 r(.) (z;o ,6)=0. (2.1.34) 

This relation can be checked directly from representation (12.1.201) . Then con- 
tracting with a M and W we get a symmetrized form of f)2.1.34[) 

sV^ s \z;a,b) = (aV)d a ^ s \z;a,b) + (bV)dfc&(z;a,b). (2.1.35) 

Now we can contract (12.1.351) with a d£ and using (12. 1 .33j) obtain a connection 
between the divergence and the trace of the curvature 

(s - l)(V^)rM(*;a,&) = [(6V) - ^(aV)(&3 a )]D 6 r«(z; a, b). (2.1.36) 

These two identities with a similar identity for the Fronsdal tensor 

(Vd a )T^{z; a) = ±{aV)n a T^{z; a), (2.1.37) 

play an important role for the construction of the interaction Lagrangian. To 
complete the free field information we present here Fronsdal's Lagrangian in terms 
of our quantities: 



£ (h {s) (a)) = --h^ s \a) * a J*'\a) + — -D a h^(a) * a □„^(a). (2.1.38) 

2 8s(s — 1) 

To obtain the equation of motion we vary (I2.1.38P and obtain 

5C (h^(a)) = -(^ s \a) - ^□ a jr«( a )) * Q 5h^(a). (2.1.39) 

Zero order gauge invariance can be checked easily by substitution of (12.1.211) into 
this variation and use of the duality relation (12.1.81) and identity (12.1.371) taking 
into account tracelessness of the gauge parameter (I2.1.22p . 



Chapter 3 

Propagator of HSF and 
One-Loop Diagram 



3.1 General setup for higher spin propagators 

Here we would like to give all the conventions about AdSd+i metricEl. We 
work in Euclidian AdSd+i with the following metric, curvature and covariant 
derivatives: 

L 2 L d+1 
ds 2 = g ViV {z)dz il dz v = —^d^dz^dz" , y/g 



[V M> V,] V{ = R^VS - RyJVZ , 



L 2 



d d d(d + 1) 



[Z 



For simplicity we will from now on put L = 1 during all calculations keeping in 
mind that we can always restore the AdS radius from dimensional consideration. 

Then we can write the starting point of the investigation of higher spin gauge 
field propagators, namely Fronsdal's equation of motion (we introduce here the 
"geometric AdS mass" fi 2 ) [25J for the double traceless spin I field, O a D a h^ = 0: 



F(h®(z\a)) = [n-/i?]/i w (z;o)-a 2 n»/i (<) (z;a 

- (aV)[v^W-i(oV)D a /iW(«;a)] = 0, (3.1.1) 
= (p + e(d-b) -2(d-2)) , (3.1.2 



*We will always try to keep general d in all possible formulas admitting of course that for 
AdSi theory it should be set to 3 at the end. 
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The most important property of this equation is higher spin gauge invariance 
with the traceless parameter e^~^{z\ a), 

8hW(z;a) = (aV)e^(z; a), (3.1.3) 
nJ'-Vfoa) = 0, (3.1.4) 
5F{h^\z-a)) = 0. (3.1.5) 

The most natural gauge fixing condition for Fronsdal's equation is the so called 
traceless de Donder gauge 

pP-U^W) = v^JLh® - UaV)n a h® = 0, (3.1.6) 
oa^ 2 

In this gauge Fronsdal's equation simplifies to 

j*D( h M) = [□ _ _ a 2 Uah {£) = o. (3.1.7) 

Note that any deviation in (I3.1.7P of fi 2 from (13.1.21) leads to a massive higher 
spin field. 

We can write now Fronsdal's gauge invariant action in the concise form 

S e = ~ J Jgd d+1 z \h^\z; a) * a JF{h^{ Z] a)) - - n a h«\z; a) * a n a F(h®(z; fl))}(3.1.8) 

This action is gauge invariant due to the "Bianchi" identity ( 12.1. 37ft . 

Next we can write our double traceless field (z; a) as a set of the two 
traceless spin £ and £ — 2 fields ip( e \z; a) and 9^~ 2 \z; a) 

h^\z-a)=^ + —6^- 2 \z-a) , (3.1.9) 
2a 

n ah (e) = git-*) , = n o 0«-2) = o, (3.1.10) 

a = d + 2£-3. (3.1.11) 

Applying the de Donder gauge condition we see that the fields ip^\z;a) and 
6"~ 2 \z\ a) completely separate in the action ( 13.1.81) 

S* = I f V9d d+1 z\^\z; a) * [□ - ^\z- a) 



9^- 2 \z-a)*[n-^ (e _ 2) ]9^ 2 \z-a)}, (3.1.12) 



2 _ 

ftp - 2 

= fi 2 e + 2a = £(£ + d- 1) -2, (3.1.13) 

with the following diagonal field equations and de Donder gauge condition con- 
necting ip^ and 0( £ ~ 2 } 

V ^ A^W = ^l(aV)6^ - — ^-9^ 2 \ (3.1.14) 

da^ 2a v ; 2a da» v ' 

(D + £) ^ = A £ {A £ - d)^ {e) , (3.1.15) 

(□ + £ - 2) ^- 2) = A e (A e - d)6 {e ~ 2 \ (3.1.16) 

A^ = rf + £-2 , A e = d/2 + l/2y/(a Q - l)(a + 7). (3.1.17) 
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So we realize that only in the de Donder gauge we have a diagonal equation of 
motion for the physical ip^ components but this component is not transversal 
due to the presence of 9^~ 2 ' ) . This is the most convenient gauge for the quanti- 
zation and construction of bulk-to-bulk propagators and for the investigation of 
AdS^/CFTs correspondence in the case of the critical conformal O(N) boundary 
sigma model. We also mentioned that in the boundary limit only the traceless 
mode ipW survives but the nonphysical trace mode 9^~ 2 ^ can create a Goldstone 
mode and enters the bulk tree dynamics and the loops. 

The negative sign of the 9 part in the action (13.1.81) suggests to quantize this 
higher spin field with a formalism of Gupta-Bleuler type, so that a state with 
n quanta of 9 has norm squared of signature (—1)™ yielding a pseudo Hilbert 
space. Applying de Donder's constraint (13.1.141) on field operators, the "physical" 
Hilbert space is the kernel of the annihilation operator part of this constraint 
inside the pseudo Hilbert space. Finally zero norm states are projected out. In 
the context of this work it is only relevant that the two-point function of 9 satisfies 

(9^- 2 \z 1 ;a),9 ( - e - 2 \z 2 ;c)) < (3.1.18) 

as a distribution. 



3.2 Propagators in de Donder's gauge 



On AdS space which is a constant curvature space the geodesic distance r\ enters 
all invariant expressions of the relative distance of two points. The standard 
variable ( = cosh rj can be expressed by Poincare coordinates as 



C(zi,z 2 ) 



(,?) 2 + {zlf + (zi 



*2) 



2z\z 



0-0 



1 + 



*1 



Z 2 Y(z X 



fJ,U 



2z\z 



o~o 



(3.2.1) 



The propagators are bitensorial quantities which are presented in the algebraic 
basis of homogeneous functions of h, I 2 , h, h 



h(a,c) 
J 2 (a,c) 
I 3 (a,c) 



t 2 2 

14 := GhC 



{ad 1 )(cd 2 )({z 1 ,z 2 ), 
(ad^dz^ z 2 )(cd 2 )((z u z 2 ) 



1^2) 

I la := (a<9i)C(2i, Z 2 ) 
d 

{adi) = a M — , (cd 2) 



dz^ 
gnu(zi)a"a u , 



he ■= (cd 2 )((z u z 2 ) 



9nv{z 2 , 



c»c v . 



(3.2.2) 
(3.2.3) 
(3.2.4) 
(3.2.5) 
(3.2.6) 

(3.2.7) 
(3.2.8) 



of degree £, the spin of the field. All important formulas for this "advanced 
technology" of working with higher spin field theory in AdS space one can find 
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in Appendix A. We are interested only in that part of the propagator expansion 
which neglects traces. So it is a map from a space of £ + 1 functions {Fk(()} k=0 
to a space of bitensors parameterized by I\ and I2 only, namely 



9®[F k ] = ^F fe (C)/f-*/ : 



— k jk 

2 > 



k=0 



[D + e)^[F k ] = A e (A e -d)^[F k ] + 0(al;cl). 



(3.2.9) 
(3.2.10) 



In the variable ( the analytic properties of QFT n-point functions are con- 
veniently described. In particular the two-point functions or propagators are 
analytic in the ( plane with singularities at £ = ±1 and at £ = 00, which in most 
cases are logarithmic branch points. Analyticity is therefore meant in general on 
infinite covering planes. All AdS field theories are symmetric under the exchange 
C against 

Another variable used often is u = ( — 1, the "chordal distance", more pre- 
cisely one half the square of the chordal distance. The series expansions for 
two-point functions in u converge in a radius 2, whereas the series expansions 
in powers of converge for | ( |> 1. These analytic properties remind us of 
Legendre functions. Indeed if propagator functions can be identified as Gaus- 
sian hypergeometric functions, these are Legendre functions and the "quadratic 
transformations" can be applied. Using formulas from Appendix A we can show 
that in de Donder's gauge the propagator satisfy the following set of differential 
equations for the functions F k (() or correspondingly $&(«) of (13.2.91) following 
from equation (13.1.151) 



(C 2 - l)F' k ' + (d + 1 + 4k)(F' k + X k F k + 2C(k + l) 2 F k 

X k = k{d + 2£-k) + 2l 



1 + 2(£-k + l)F' k _ 
{£-2){£ + d-2). 



0, (3.2.11) 
(3.2.12) 



The "dimension" of the higher spin field = £ + d — 2 has been inserted. 
Moreover we use F_i = i^+i = 0. The dimension of the AdS space is d + 1, 
we interpolate analytically in d if this is technically required. Our issue is to 
solve these equations by expansion in powers of C" 1 or u. This leads to matrix 
recursion equations which necessitate some linear algebra operations. 
As an ansatz for the series expansion of F k (() at ( = 00 we use 



2n 



(3.2.13) 



n=0 



Denote £ = a + 2n. Then a two term recursion of the form 

^ COn \ ( C 0,n-1 \ 



Cln-1 



(3.2.14) 
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Y[[a 2 - (d + 4 + 2n)a - ((£ - 2)d + (£ + nf - (n + 2)(3n + 4))]. (3.2.19) 



results with the two matrices 

C n _! = ^{(e - - 2), ^ - 1), • • • (£ + 1 - m + 1 - 2)}, (3.2.15) 
and the entries of the matrix D n 

Pn)*,*-i = -2(£ - A; + + - 1), (3.2.16) 
{D n \ k = £ 2 -£(d + 2k)-4k 2 + 2£(k + l)-(l-2)(£ + d-2)(3.2.l7) 
{D n ) k>k+1 = 2(k + l) 2 . (3.2.18) 

The determinant of D Q is a polynomial of degree 2(£ + 1) of the variable a with 
roots which we identify with the "roots" of the differential equation system. For 
arbitrary I we have 

detD = [(a + £- 2){a + 2 - £ - d)][{a + £ - 2){a -£-d)\ 

t-2 

X 

n=0 

Each square bracket represents one eigenvalue of D and contributes two roots. 
The quadratic factors lead in almost all cases to two irrational roots that are 
neither degenerate among themselves nor with the other roots, but there are ex- 
ceptions which have two integer roots e.g. for d = 3 : (£, n) G {(4, 1), (6, 4), (9, 2), 
(9, 5), (11, 8), (15, 8)...}. Two roots are said to be degenerate, if their difference is 
an integer. For the case of expansions in powers of ( 2 as in ( 13.2. 13j) . this integer 
must be even. In such case the solution with the bigger root enters the other one 
with a logC factor. 

The following roots are of particular (physical) importance 

a p = £ + d-2, (3.2.20) 
a c = £ + d. (3.2.21) 

We call the first root a p " principal" because it has the value of the dimension A 
of the field which enters the field equation in the form A(A — d). The second 
root is a "companion" of it, since they appear for all £ as such pair (see ( I3.2.19P ). 
It is degenerate with the principal root and the solution of it enters the principal 
solution with a log( factor on the next to leading power in the expansion. The 
bigger ones of the two roots in the exceptional cases quoted above are also bigger 
than the principal root £ + 1 (for the same i) but their distance to it are odd 
numbers except for the case (£, n) = (15, 8), where the distance to £ + 1 is sixteen 
and the log( term appears at a very high power. 

For the principal root the equation for the eigenvector of Do 



/ («p) \ 

/ c 00 \ 



D (a f 



00 

(a p ) 



c 10 



(3.2.22) 
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can be solved for each I. We find 

45 } = (-l)*Q, (3.2.23) 

which is easy to prove by using the general expression for the rows of the matrix 
D n as given in (13.2. 16j) - (13. 2.18ft . The consequence of this result is that the leading 
term of ^[F k (a p )] at C = oo is the well known expression ( A (Ii — ( 1 hY- 
Already at next order in (~ 2 log-terms appear. 

For the companion root a c the eigenvector for D can be derived by a little 
bit more algebra for any I 

= (-1)^ ( Q + (d + ^ - 2) (1 1 !) ) • (3-2.24) 

The actual construction of a solution for the pair of roots starts with the bigger 
one, a c . Its solution takes the form 

oo £ 

F k (C,a c ) = C A - 2 ^C 2n E n >c)Mci Q o c) , (3-2.25) 

n=0 s=0 

where we used 

H n (a c ) = D n {a c )~ l C n -x(a c ) 

= Hx{a c + 2(n- 1)), (3.2.26) 
n n (a c ) = Ti n T Zl^H 1 {a c + 2r). (3.2.27) 

and the left arrow denotes ordering of the product with increasing r from right 
to left. In this context we note that if a nonsingular matrix S(a) would exist, so 
that Hi could be diagonalized by 

Hxipt) = S- 1 (a + 2)A(a)S(a) } (3.2.28) 

then Fk((; a) would be a generalized hypergeometric function. 

Having constructed the solution for the companion root we turn to the princi- 
pal root. We recognize that D n (a p ) can be spectrally decomposed in the following 
fashion 

D n Xi = KXi, (3.2.29) 
D T n ^ = X^i, (3.2.30) 
i 

D n = X)AiX<®Vf, (3-2.31) 

i=0 

ViXi = ^ (3.2.32) 
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Denote further 

p T = ip T C n ^. (3.2.33) 

All these quantities can be determined as functions of £, and it is easily verified 
that (jlfflgD is not fulfilled. 

One of the eigenvalues of Di(a p ) vanishes, we denote it Ao, so that Di(a p ) 
cannot be inverted. We perform a deformation of our differential equation system 
replacing a p only in Ao and in the prefactor (~ ap by a p + e. All other eigenvalues 
and the eigenvectors remain unchanged. Then we continue the whole procedure 
known from the companion root, all H n will remain singularity free. At the 
end we subtract a certain multiple 7 of (e _1 + fi)^f^[F k (a c )] so that the limit 
e — t- can be performed and the log-terms appearing are — r ylog(^^[F k (a c )}. 
The additional parameter /1 is in principle arbitrary showing that the principal 
solution containing a log factor is a coset with respect to adding the companion 
solution. This parameter can, however, be normalized in a standard fashion 
by requiring that the (I + l)-tupel of coefficients c k ^ where at level n the log 
term appears first, is orthogonal to the eigenvector ip belonging to the deformed 
eigenvalue. We close this discussion with the remark that on the boundary of 
AdS space i.e. ( = 00 any linear combination 



*W[F k (a p ))+A^[F k (a c )} 



(3.2.34) 



is indistinguishable from the pure principal solution. Thus the boundary con- 
straint fixes only the whole coset and not any representative of it. 

In order to render the expansions of F k around £ = l(u = 0) a visually 
different expression, we shall denote them The expansions are 



u 



n=0 



Again we obtain matrix recursion relations 



A n 



' a 0,n ' 
\ a e,n J 



B, 



■n-l 



We define 



and obtain the matrices 

(^4n)fc,fc 
(Ai)/e,fc-l 

(B n -i)k,k 

{Bn-l)k,k+l 



' Qo,n-l ' 
Ql,n-1 



■E 



Ql,n-2 



= 0. 



\ ae,n-i J \ ct>e,n-2 J 
£ = a + n, 

^ + d + 4k-l), 
2£(£-k + l), 

(Z-l){£ + d + 4k-l)+X k , 
2(k + l) 2 = (E) kM1 . 



(3.2.35) 



(3.2.36) 



(3.2.37) 

(3.2.38) 
(3.2.39) 
(3.2.40) 
(3.2.41) 
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Here we used the shorthand (see (13.2. 1211 ) 

X fc (A) = k(2X + 2£-k + l) + 2£-(£-2)(2\ + £- 1), (3.2.42) 

and d = 2X + 1 has been introduced. Therefore A n is of lower triangular shape 
with eigenvalues £(2£ + d + 4k — 1). The root system is therefore 



+ 1 times the root zero: 



the 



1 roots a r 



-A — 2m, 



< m < 



Both sets are degenerate among themselves, and if d is odd, the second set is 
degenerate with respect to the first one. The first set produces regular solutions, 
the second set produces poles if d is odd, which it is in the case of present 
interest. Nevertheless we will regard d as a free real parameter in order to handle 
the degeneracy with the regular cases. The solution for ao in combination with 
any regular solution has the appropriate singular behaviour at u = needed for 
a propagator, namely applying Fronsdal's differential operator the correct delta 
function is created. 

Any solution is obtained by requiring 



Ac 



( a ,o \ 

Ol,0 

V a w J 



0. 



(3.2.43) 



This requirement is solved for the regular solutions $^ (u) (for which A = and 
the solution is trivial) by 

41 = V (3-2.44) 
For any such solution r we obtain next 



l k,i - -{A l 1 B ) ktr 

— — (A 1 )k,r(Ba)rr ~ (^1 )fc,r-l(A))r-l,r> 



where we insert 



{Ai)r,r-1 

(-Bo)nr 

{Bo)r-l,r 



d + 4r + 1, 
2(£-r + l), 
X r , 
2r 2 



(3.2.45) 



(3.2.46) 
(3.2.47) 
(3.2.48) 
(3.2.49) 
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and obtain 

k k 

(A^) k , r = (-2) k ~r J] (£-s + l) [U(d + As + l)]- 1 

s=r+l s=r 

(for k > r), (3.2.50) 
(W, r = (d + 4r + l)-\ (3.2.51) 
(A^) k>r = (for k<r). (3.2.52) 

There is no sign of any singularity caused by the degeneracy. Finally we get 

4\ = -X r (A^) k , r - 2r\A~ l 1 ) Kr . ll (3.2.53) 

which vanishes for r > k + 1 . 

We turn now to the nonanalytic solutions $&(«, a m ) with roots a m = —A — 2m 
and concentrate on the case m = because this is the perturbative Green function 
for the Fronsdal differential operator. At the beginning we assume A ^ Z in order 
to avoid the degeneracy with the regular solutions. In this case we have 

(A ) k , k = -AXk, (3.2.54) 
(A ) k ,k-i = -2\(e-k + l), (3.2.55) 



and the equation 
is solved by 



E( A °WcS> 0) = (3.2.56) 



"fe,0 

Next we treat the A\ matrix 



cff-MVCD- (3-2.57) 



(Ai)k,k 


= 2(1- 


(Ai)k,k-i 


= 2(1- 


(A 1 1 ) ktr 


= [2(1- 


Pk,r 


= (~i)k 



(3.2.58) 
(3.2.59) 
(3.2.60) 

(3.2.61) 



The Bq matrix is 



(Bo) k>k = -A(A + 4A; + l)+X fc :=Z fc (A), (3.2.62) 
(B ) ktk+1 = 2(k + l) 2 . (3.2.63) 



The matrix E is still not needed for n — 1. 
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We define the matrix 

(#i) fcl r = -{A?B ) ktr = [2(A - l)]- 1 ^,^^)^ + fik,r-l{B ) r . ltr }, (3.2.64) 
and obtain for the coefficients c^f 

k+1 

(<*o) 



C k,l 



E(^iW(-0 r Q- (3-2.65) 



All these coefficients inherit a pole in A at the value I. 

This pole does not appear in one eigenvalue only as in the ( = oo case. This 
is due to the fact that for A = 1 there exist I + 1 degenerate regular solutions 
and therefore the pole appears in all t + 1 eigenvalues simultaneously. It is 
straightforward to calculate the residues of all matrix elements of Hi and to 
derive the expressions 

Pk = J2res(H 1 ) k , r (-^j Q. (3.2.66) 
Then we subtract from this solution at n — 1 the regular solution 

(A-irMX>$ (r) WL (3-2.67) 

r=0 

obtaining in the limit the log term of ^^[^ k (u : a )] 

i 

-logu ^pM r) {u)\. (3.2.68) 



r=0 



We mention that the leading term of [$&(«, «o)] is 

u-\h ~ \hY- (3.2.69) 

The situation with the Green function type solution is the same as with the 
solution which is constrained by the AdS boundary condition: The UV constraint 
is satisfied by a coset, namely any linear combination of regular solutions can be 
added to the solution ^^[$(0:0)]. In turn this may also be used to normalize 
the solutions <E>fc(ao)- We can namely require that on the level n = 1 on which 
log if appears first, all the coefficients c k a f are made to vanish by appropriate 
subtraction of regular solutions. 
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3.3 Propagators in Feynman's gauge 

In this section we consider the higher spin gauge field propagators analyzed in 
the previous section and in [75], [76], [77], in an approach developed originally 
for the spin I = 0, 1, 2 only in [78], [79], [81)], but now generalized for all I with 
a slight modification of arguments. Namely we consider our propagator working 
directly in the space of conserved currents 

h^\z x -a) = J ^d d+1 z 2 K^( Zl ,a;z 2 ,c)* c J^\z 2 ,c), (3.3.1) 

where 

K®(zi, a; z 2 , c) = ¥ e) [F k {u{zi; z 2 ))} + traces. (3.3.2) 

Taking into account the conservation properties of the current j( e \z 2 ,c) we can 
formulate the ansatz following from ( 13. 1.15ft 

[U x +l- A t (A t -d)}^[F k (u(z 1 ;z 2 ))} = -l(S d+l ( Zl ; z 2 ) + traces 

+ (cV 2 ) (/i^-^AfcM^))]) • (3.3.3) 

This means that applying the gauge fixed equation of motion at the first argument 
of the bilocal propagator we get zero (or more precisely a delta function in the 
coincident points) due to a gauge transformation at the second argument. 

Here we should make some comments on the delta function in curved AdS 
space. Our notation in (I3.3.3|) means 

<W*U z*) = 6{d+1 ^^_Z Z2 \ [ 8 {d+l) {z x - z 2 )d d+1 Zl = 1. (3.3.4) 

In the polar coordinate system defined in Appendix A the invariant measure (for 
d = 3) is 

^d A z = u(u + 2)dudtt 3 . (3.3.5) 

Therefore we can define 

5(4)(z - Z po i e ) _ S(u) (5 (1) (m) 



u5 {1 \u) = -6{u). 



(3.3.6) 



This u- dependence of the measure leads to the idea that short distance singu- 
larities in D — d+ 1 — 4 dimensional AdS space should start from \ not from 



Then using the gradient map (IA.34j) . ( 1A.35J) we can derive 



(cV 2 ) (h^-^Akiu))) = + ( k + l)Afc(«)], = (3.3.7) 
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Combining this with the Laplacian map (IA.31I) - (1A.33I) and (13.3. ip we obtain the 
following set of £ + 1 equations for Z\ ^ z 2 (unlike the case (13.2. lip we do not 
insert the value of Ai here) 

u(u + 2)F£ + (d + 1 + 4k) (u + l)F' k + 2(£-k + 1)F^ X + 2{u + l){k + l) 2 F k+l 
+ [2£ + k(d + 2£- k)]F k - A e (A e - d)F k = A k _ x + (k + l)A fc . (3.3.8) 

To analyze this system we write the k = 0,1 and £ — 1, £ cases explicitly 

u(u + 2)F{ + (d+l)(u+ 1)F^ - A e (A e - d)F + 2{u + l)Fi 

+2£F = A , (3.3.9) 
0{F'{ , F{, F u F 2 ) + 21F' Q = A' + 2A X , (3.3.10) 

0{F'U, F[_ x , F t - U F e , F[_ 2 ) = A' e _ 2 + £A^ U (3.3.11) 
u(u + 2)F'l + (d + 1 + 4£)(u + 1)F; + [£ 2 + £{d + 2) - A e {A E - d)}F e 

+2F^_ x =A' e _ x , (3-3.12) 

and we see that this system for 2£ + 1 functions is separable. One solution is 
obtained if we put 

F k = 0, k = l,2,...£, (3.3.13) 

A k = o, k = 1,2,... £- 1, (3.3.14) 

and submit F (u) to the Gaussian hypergeometric equation 

u(u + 2)F£(u) + (d+l)(u + l)Fo(u) - A £ (A e - d)F (u) = 0, (3.3.15) 

supplemented with a noncontradictory solution for the remaining gauge param- 
eter A (m) 

A (u) = 2£F (u). (3.3.16) 

So we prove that with an appropriate choice of the gauge freedom we can 
obtain the propagator in Feynman's gauge in the form 

K {t \ Zl , a; z 2 , c) = l[F (u) + traces, (3.3.17) 

where Fq{u) is the solution of the equation for the scalar field with dimension Ai 
(13.3. 15p [78J . The solution of this equation is well known and can be written in 
two different forms [SU1 EI]- The first form is (£ = u + 1) 

F (C) = C{£, d)2^C^ 2Fl ^±1 Ae _ <L + i; ^ . (3.3.I8) 

This form is suitable for an investigation of the infrared behaviour. We see 
immediately that near the boundary limit we have 

F (C) ~ C%=3 = C (m) , if C^oo, (3.3.19) 
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which is just wanted for AdS/CFT correspondence. Indeed comparing A^ and 
Ao in fl3.1.15p - fl3.1.17p we see that the propagator of the nonphysical mode 6 falls 
off in the boundary limit faster than the propagator for the physical mode ip, as 
it should be. 

But for us the second form of this expression obtained after a quadratic trans- 
formation of the hypergeometric function listed in the Appendix B (IB.ip is more 
interesting 

2\ Ae „ /. , d 1 . , 2 



F (u) = C(£, d) ^-j 2 F X yA e , A e -- + -,2A e -d+l;--j. (3.3.20) 

The normalization constant C(£, d) is chosen to obtain the 5 function on the right 
hand side of (I3.3.3P 

G l*>« ) — Td+T) \d=3 - 1g 2/rtl) TT7- [6.6.21 

(4tt) * r(2A^-d+l) 16tt 2 (2£-1)! 

To investigate the ultraviolet limit of f )3.3.20p we have to use the second for- 
mula (IB. 2ft of Appendix B and take carefully the limit d — > 3 to obtain 

2\ A ' f \ \ d 1 » , 2\ , (2£-l)\ f 2 

1 Z7 I A A i OA J l 1 . I V 'J 



2 Fi A/, A* - - + -, 2A £ - d + 1; 



u J *-*y-^>-< 2 ' 2'""' ~ ' ^ (£-1)! 



1 E^^h. + .o^lK)l, (,, 22 , 



(<-2)!^ n!(n + l)! 



2 

where the rational number Y^ n is expressed by the -0 functions 

T £i „ - ij)(e + n + 1) + i){£ - n - 1) - V(n + 1) - VK™ + 2). (3.3.23) 
So we see now that in the ultraviolet limit we get 

Fo(u)|«i=3 = A- + M ' log", "log", • • • )• (3-3.24) 

This main singular term in the propagator of the scalar field with dimension A^ 
does not depend on the field dimension and behaves always like For example 
we have the same singularity in the propagator of the conformally coupled scalar 
in AdS A (see [S2]) 

E[«(*i,*2)] = ^(-±-^—), (3.3.25) 
(D + 2)EKz llZj )] = -5 {4) ( Zl ;z 2 ). (3.3.26) 

So we observe some universality in the UV behaviour of higher spin propagators 

in Feynman's gauge: 

For any spin £ the main term of the propagator has the form li^s~- 
Comparing with (13.2.691) we deduce that in de Donder gauge we have the 

same picture because 
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• h(a, c; u) — > a^c u if u — > . 

• h(a, c; u) — I^{a, c; u) — > if u — > . 

• ^(a, c; -u) — >■ a 2 c 2 if u — > . 

So finally we can formulate the following statement: 

T/ie higher spin propagator in Feynman's gauge is simplest and most conve- 
nient for the calculation of any Feynman diagram. Just we have to couple it 
with conserved currents to make sure that we preserve gauge invariance. The 
UV-behaviour of the propagator is universal and described by ^3. 3.24\ )- 



3.4 Spin £, i — 2 and scalar interaction and mass 
renormalization 

In this section we will discuss some interaction between two neighboring higher 
spin gauge fields and a scalar containing two derivatives. On this linearized level 
of understanding the higher spin gauge invariance it is possible to construct an 
interaction of the gauge field contracted with the conserved current formed from 
gauge fields of the nearest different spin (£ ± 2), comformally coupled in the 
AdSd+i background with the scalar a(z) 

Da(z) + ^^aiz) = 0, (3.4.1) 

and two derivatives 

S int = -% [ ^d 4 zh^(z;a) * a J^[h^ 2 \z;a),a(z)]. (3.4.2) 
v N J 



Here we introduce an unknown coupling parameter gg normalized as 0(^=) as it 
follows from AdS^/CFT^ correspondence. The conservation condition following 
from the gauge transformation for hS*\z) ( 13. 1.3ft with the traceless parameter 

V^-^-J {t) [h il±2 \z-a),(j{z)\ = 0(a 2 ). (3.4.3) 

This equation could be used to construct all possible currents with properties 
mentioned above. 

Returning to the equation (13.4.31) we note first that the operator 

= ( a V) - - a 2 V^S- (3-4.4) 
is dual to the de Donder gauge operator 

2>(-i) = V*A_l (aV )n BJ (3.4.5) 



CHAPTER 3. PROPAGATOR OF HSF AND ONE-LOOP DIAGRAM 



26 



with respect to the full scalar product, and second that this operator commutes 
with the divergence in the following way (see f)A.37j) and (IA.38j) ) 

V^£< + a) = p-(t-l)(d + t- 2)}f- 1 \z, a) + 0{a 2 ). (3.4.6) 

Then taking into account (1A.39I) we can see that with the natural choice j^~ l \z, a) = 
(aV)[h^~ 2 \z; a)a(z)} one can obtain (/j, 2 (e _ 2) is the AdS mass of the trace part of 
h® (I5XT31) ) 

^"^ {+l \^)[h { "~ 2) {z-a)a{z)} = (aV)[D-^ 2) ](^(z;aW 2 ))+0(a 2 ). 

(3.4.7) 

This can be integrated easily and we restore conserved current from [TT] in the 
following form 

(3.4.8) 

Note that all 0(a 4 ) terms are unimportant due to the double tracelessness of 
h™'(z; a). At this point we will apply for simplicity de Donder's gauge condition 
to all types of gauge fields. Then using free equations of motion only for the fields 
h,( e ~ 2 ^ and a that form the conserved current, and neglecting the first part due 
to de Donder's gauge condition for the gauge field we obtain the following 
effective current 



jw^-V] = -- 



.9) 



(3. 

Note that this interaction vanishes if we require a free equation of motion for 
the field coupled to the conserved current. 

The next step of our consideration is the construction of the conserved current 
Jw[h,( i+2 \ a) which is dual to the former one, where the gauge field inside the 
current has a spin higher than the gauge field coupled with the current. Exploring 
in a similar way the conservation condition (I3.4.3P and using divergence instead 
of gradient on stage (13.3.71) and formula (1A.36j) instead of (1A.39j) we obtain the 
following solution 

jW^+V] = ^ (+1) (V9 a )[^W(^a)a(^)] - [□ -fi 2 e) ](6W(z;a)a(z)), (3.4.10) 
where 

9®{z;a) = a a h^ +2 \z;a). (3.4.11) 

Inserting in (13.4. 10p I — 2 instead of I and using the equation of motion for the 
fields inside the current and de Donder' gauge condition for the external gauge 
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field, we obtain the effective current 
jV- 2 )[h®,a] = - 



(3.4.12) 

Comparing with ( 13.4. 9p we see that in both cases we have the same effective 
interaction between the physical mode ip^~ 2 \ the trace mode #( £_2 ) and the scalar, 
and the conserved current (13.4.121) up to an overall normalization is dual to the 
conserved current (13.4.91) due to the equations of motion for the fields forming 
the currents in each cases. Thus we prove that one can use Feynman's gauge for 
propagators coupled to these two currents and can turn now to investigate some 
loop diagram for a study of mass renormalization or quantum mass generation 
phenomena. Actually we considered all interactions of two neighbouring higher 
spin fields with a Higgs scalar that are minimal with respect to the number of 
derivatives, and which can generate mass in a loop. Though from (13.4. 6p follows 
that we can introduce in principle many other j^ i ~ 1 \z; a), all of them will contain 
more derivatives in front of the quantized fields and will generate counterterms 
that are not suitable for finite mass renormalization. 

So we see that only one reasonable one loop diagram can be constructed from 
the interactions considered in this section. It is a loop formed by the scalar a and 
the nonphysical trace mode 9^ and with physical but off-shell external lines ip^\ 
Actually we would like to calculate the following quadratic part of the effective 
action 

(3.4.13) 

where J^[h^ +2 \ a; Z2] c)] is presented in (13.4.101) . Performing a partial integra- 
tion and taking into account tracelessness of 9^ we get the following expression 

| J ^d A Zl J ^ 4 ^(^ W (2i; a))* fl EK Zl , Z2 )]e«[«( Zl , z 2 ); a, c]*/ < f »(2 2 ; c)). 

(3.4.14) 

Here J 7 ^^) is the traceless part of Fronsdal's operator, £[it] is the scalar prop- 
agator (I3.3.25P and 

Q^[u(z 1 ,z 2 ) ] a,c] = (9^(z 1 ;a),9^(z 2 ;c)) (3.4.15) 

is a trace part of the /i^ +2 ) propagator. We want to understand the singular part 
of this loop. 

^From now on we follow a technique developed in [82] and [83] where the 
trace anomaly of the scalar mode in external higher spin field was successfully 
calculated from a one loop diagram. First we can use an AdS transformation 
to fix the point pole for the coordinate system z%- Then the integration 

measure can be expressed through the chordal distance u as it is explained in 
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the Appendix A. The singularity of the product of the scalar and the higher spin 
propagators is relevant if it is at least 1/u 2 because one power of u is compensated 
by the integration measure (see flA.llj) and explanation hereafter). Then from 
the relative coefficient between the ip and 9 modes in f 1 3 . 1 . 1 2 j) evaluated for spin 
I + 2 and d = 3, from f)3.3.24p and an additional sign from the indefinite metric 
f!3.1.l8j) we deduce 

(e^(z i; a), 0®(zx c)> = -^±S/f-i- + 0(u, logii, . . . ), (3.4.16) 

Multiplying hereafter with the scalar propagator we get the unique singular term 
of the loop function 

{ S Me ( <W, ( „ 9 = - (3.4.17) 

Using a standard formula of analytic dimensional regularization in AdS space 
(see [82] and [83]) 

r i 1 1/1 \n— 1 

rd^iu). (3.4.18) 



w 



sing e \ n ~ !> 



for our distribution with n = 2 and the definition of the delta function ( 13.3.61) . 
we obtain 

m«]e ( "MU = -^^(^'-M^ (3-4.19) 

Before inserting this expression in (13.4. 14j) we have to be sure that we pre- 
served gauge invariance during regularization. At this stage it means that we 
have to preserve the conservation condition (13.4.31) for the current as a Ward 
identity for the correlator in (I3.4.13p . Then taking into account that after partial 
integration we got gauge invariant Fronsdal's operators instead of external lines 
we deduce that we just should write these external lines as a gauge invariant 
object during dimensional regularization or in other words for d = 3 — e. From 
the formula for the geometric AdS mass fij (I3.1.2P we see that 

jrd=3-e( h (e)( z . a ^ = j?d=3( h W( z . a y + £ ^ _ 2 )hP(z; a). (3.4.20) 

Then inserting this and ( 13.4. 19f) in ( j3.4. 14[) we obtain immediately as local sin- 
gularity of our diagram 



e 8A^vr 4 (£ + 1 
supplemented with the additional finite local term 
gp 3 (£-2)(£ + 2 



J y/gtfzJF^te «)) *a H^iz; a)), (3.4.21) 



ANn A (£+ I] 



^d 4 zt/j (e \z; a) * a F{^\z] a)). (3.4.22) 
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The first singular term can be dropped adding the same singular local and 
gauge invariant counterterm to the effective action as (13.4.211) but with opposite 
sign. The second finite local part is not gauge invariant itself and cannot be 
absorbed by adding the local finite invariant counterterm but can be absorbed 
by finite renormalization of the mass term. Indeed let us add an additional finite 
local counterterm proportional to 



J Jgd A z{F{^) - 5m 2 t i/>®) * a [J 7 ^) - 5m 2 ^} 



(3.4.23) 



Then we see that if 



2 gjn 3 (£-2)(£ + 2) _ gj(l-2)(l + 2) 
6me ~ 8Mr*(/ + l) ~ 4N^(£+1) ' [6A - ZV 

we will cancel (I3.4.22p without any additional term in the given order of per- 
turbation theory (0(1/N)), absorbing the additional 0(1) finite local T 2 term 
in the infinite singular gauge invariant counterterm, since an additional finite 
renormalization supplementing the infinite one fixes the renormalization scheme. 
We see that our mass renormalization implies a soft symmetry breaking because 
we got only a finite mass generation. In other words all our infinite counterterms 
are gauge invariant. 

So we see that we got mass renormalization as it was expected from AdS^/CFT^ 
correspondence and formulated in terms of boundary CFT theory in [9]. In prin- 
ciple we can compare this mass with the answer obtained in [9] from anomalous 
dimensions of higher spin currents in the 0(N) sigma model 

We got the same interesting {£ — 2) factor protecting the spin 2 graviton field, 
that corresponds to the boundary energy momentum tensor, from renormalization 
and found a prediction for the coupling gi. But we will not compare them at this 
stage because it is not the full solution of the problem. We did not include in our 
consideration the all other possible interactions and the corresponding one loop 
diagrams. It is also interesting to compare this UV approach with another IR 
ansatz including the Stiickelberg and Goldstone mechanism which was considered 
in HI1. 



Chapter 4 



Conformal invariant Lagrangians 

4.1 Conformal invariant powers of the laplacian, 
FG ambient metric and Ricci gauging 

The problem of constructing conformally invariant Lagrangians or differential 
operators in various dimensions and for various fields has quite a long history. 
This problem attracts attention primarily because it is always a nontrivial task 
to construct local conformal or Weyl invariants in higher dimensions [52J [531 El] ■ 
The AdS/CFT correspondence pj increased interest in this old problem as well 
as returned the attention to the seminal mathematical paper by Fefferman and 
Graham (FG) on conformal invariants [55]. In this section we discuss conformal 
coupling of a scalar field with gravity in different dimensions which has been a 
subject of interest in quantum field theory in curved spacetimes [56]. In recent 
years it has attracted special attention in the context of new developments in 
the area of AdS/CFT [S] correspondence, and in investigations of higher order 
and higher spin gravitating systems in general [57]. Conformally invariant field 
theories in higher dimensions are particularly interesting because they present a 
universal tool for investigations of their quantum properties, such as conformal 
or trace anomalies [58J. Another important properety of conformally invariant 
theories in arbitrary dimensions is, that the method of dimensional regularization 
can be employed as a conformally invariant regularization in higher dimensions for 
the construction of anomalous effective actions [51]. Note also that in connection 
with higher spin gauge field interactions with a scalar field, this coupling and 
Weyl invariance itself, can be generalized (see next section and [32], [33]). Our 
goal in this section is to establish the connections between different ways of 
construction of the local conformal invariant Lagrangians or differential operators 
in d dimensions [5D] , [SO] arid the FG d + 2 dimensional ambient Ricci flat space 
method [55] . 

In this work we propose a hierarchy of such couplings of gravity to scalar fields 
with increasing scaling dimensions parameterized by a natural number k, and 
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living in all space-time dimensions d > 2k. Actually this hierarchy corresponds to 
the conformally invariant k-th power of the Laplacian acting on a scalar field with 
conformal dimension Ai^) = k — d/2, in spacetime dimensions d > 2k. From the 
other hand we propose the connection between this hierarchy and the k-th Euler 
density En^ lifted to spacetime dimensions greater than 2k. For completeness, we 
verify this proposal in the well known text book case of k = 1 [25] • We then turn 
to the known case in d — 4 [6TI 162] , and the fourth order conformally covariant 
operator in dimension d > 4 obtained in [631 [64] long ago, which provides us with a 
further check of our proposal, now involving the second Euler density E<%\ . In the 
subsection !4.1.4l we perform the new calculation of the locally Weyl invariant third 
power of the Laplacian in spacetime dimensions d > 6, or in another words we 
construct a conformally invariant action for the scalar with conformal dimension 
3 — d/2 coupled with gravity. In all three cases we have found the corresponding 
Euler density Eqa as part of the invariant action, proportional to the first order of 
A(fc), and without derivatives. Taking into account the rather technical character 
of this section we devote a substantial subsection, subsection 14.1.11 with a more 
or less complete technical setup and all the formulas which we have used in our 
calculations. 

The main FG idea consists in the confidence that the lower dimensional dif- 
feomorphisms and local conformal invariants can be obtained from corresponding 
reparametrization invariant counterparts in the higher dimensional space where 
d dimensional conformal invariance is realized as a part of d + 2 dimensional dif- 
feomorphisms (we review the FG method in subsection 14. 1.2[) . On the other hand 
the FG expansion is connected with AdSd+i/CFT d correspondence and plays a 
crucial role in derivation of the holographic anomalies in different dimensions [65J . 
This point forced us in subsection 14.1.51 to derive again, using the FG ambient 
space method, the hierarchy of conformally invariant powers of the Laplacian (or 
invariant Lagrangian) in spacetime dimensions d > 2k acting on a scalar field 
obtained in subsections 14.1.31 14.1.41 by the direct Noether procedure, whose con- 
formal dimension is A^) — k — d/2. This ambient space derivation unveiled the 
remarkable and mysterious feature of these differential invariants namely the ap- 
pearance of the 2k dimensional holographic anomaly in the k-th member of this 
hierarchy [SD] (recent mathematical development in the holographic formalism 
for conformally invariant operators is considered in [66]). 

Then we propose also (subsection 14.1.61) an extended or gauged FG d + 2 
dimensional space to establish a connection between the FG expansion and an- 
other interesting method of constructing the Weyl invariant Lagrangians obtained 
in [BU] by A. Iorio, L. O'Raifeartaigh, I. Sachs and C. Wiesendanger and named 
"Ricci gauging" . The magic and universality of the d + 2 dimensional FG method 
is defined by the existence of so-called Penrose-Brown-Henneaux (PBH) diffeo- 
morphisms |67J considered in details for usual FG metric in [59] and [68]. In 
subsection 14.1.61 we consider the new PBH transformation for gauged ambient 
spaces to explore some properties of the FG expansion in the presence of the 



CHAPTER 4. CONFORMAL INVARIANT LAGRANGIANS 



32 



Weyl gauge field and the holographic origin of the Ricci gauging. 
4.1.1 Notations and Conventions 

We work in a d dimensional curved space with metric and use the following 
conventions for covariant derivatives and curvatures: 

= W + r^-r^, (4.i.i) 

= ^(d^x + d^x-dxg^), (4.1.2) 

[V»,V„]V P = RrSVZ-R^Vf, (4.1.3) 

= W - ^r; A + v^vix - KFU, (4- 1 - 4 ) 

i? MA = R wX p , i2 = J R*. (4.1.5) 

The corresponding local conformal transformations (Weyl rescalings) 

5 9tMU = 2a(x)g^, 5g» v = -2a{x)gT , (4.1.6) 

5T%, = d^ + dMi-g^a, (4.1.7) 

SR»uX = ^^xa5 p u -V u dxa5^ + g,xV u d p a-g u xV^a, (4.1.8) 

SR^x = (d-2)V^dxa + g^a, (4.1.9) 

5R = -2aR + 2(d- 1) Da, (4.1.10) 

are first order in the infinitesimal local scaling parameter a. 

We then introduce the Weyl (W) and Schouten (K) tensors, as well as the 
scalar J 

R, u = {d-2)K ltv + g IH ,J, J= 2 ( d l _ l) R, (4-1-11) 

W, uX P = R% x -K,x5 p + K u xS p -K p g,x + K p g u x, (4.1.12) 

SK^ = V^a, (4.1.13) 

5 J = -2aJ+a a , (4.1.14) 

SW^x' = 0, (4.1.15) 

which are more convenient because their conformal transformations are "diago- 
nal". 

To describe the Bianchi identity with these tensors, we have to introduce the 
so called Cotton tensor 

C^x = V„tf„ A - V v K^x , (4.1.16) 

SC^x = -d a aW^ x a , C { ^x]=o. (4.1.17) 
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All important properties of these tensors following from the Bianchi identity can 
then be listed as 

V[^ H / = SA[aC H > - 8 p [o C, v]x , (4.1.18) 
V a ^ A a = (3-d)C, uX , (4.1.19) 
WK^ = d u J, (4.1.20) 
C^ v = 0, V A C^ A = 0. (4.1.21) 

Finally we introduce the last important conformal object in the above listed 
hierarchy, namely the symmetric and traceless Bach tensor 

whose conformal transformation and divergence are expressed in terms of the 
Cotton and the Schouten tensors as follows 

SB^ = -2aB^ + (d-A)V x a(C XlMV + C x ^), (4.1.23) 
V% = (d-4)C a ^K a ?. (4.1.24) 

Note that only in four dimensions is the Bach tensor conformally covariant and 
divergenceless. 

This basis of B, C, K, J, W tensors we will use in subsections 14.1.31 14.1.41 to 
construct directfyB a hierarchy of conformally invariant Lagrangians or differen- 
tial operators originating from powers of the Laplacian in spacetime dimensions 
d > 2k, describing the nonminimal coupling of gravity with a scalar field whose 
conformal dimension is A(m = k—d/2. Finally for any scalar f A (x) with arbitrary 
scaling dimension A we can easily derive the following important relations 

H^Af A ) = A ( TV^/ A + A/ A V^a+(A-l)9 (At a^ ) / A + ^Va A / A (4 
5(nf A ) = (A-2)aOf A + Af A na + {d + 2A-2)d x ad x f A (4 

by using the transformation (14.1. 7p for Christoffel symbols. 



4.1.2 Ambient metric and Fefferman- Graham expansion 

In this section we review the FG ambient space method for constructing local 
conformal invariants [55] . We define the d + 2 dimensional ambient space with 

*This basis of B,C, K, J, W tensors forms a closed system with respect to local conformal 
(or Weyl) transformations of the boundary metric Sgij(x) = 2a(x)gij(x) 

SW ijk m = 0, 5K i:j = Vidjcr, 6 J = -2a J + Da 

5C ljk = -8 m aW ljk m , SB l3 = -2aB rj + (d - A)V k a (C kij + C kji ) , 

and it is all one needs to construct any conformally invariant object in arbitrary dimensions 
[S3, [S3]. 
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the set of coordinates = {t, p, x l ; i = 1, 2, . . . d} and the following Ricci flat 
metric 



ds 2 A 



t 

g^(t, p, x % )dx ll dx v = —hij(x, p)dx l dx j — pdt 2 — tdtdp . 



where 



h i:j (x,p) = g i:j (x) + phff(x) + p 2 hl z Mx) + 



,21,(2), 



(4.1.27) 



(4.1.28) 



is the well known FG expansion with an arbitrary boundary value of the metric 



gij(x) = hij(x, p)\ p =o and a set of the higher p derivatives n\h^\x) = -^hij(x, p)\ p =o 



fixed by the Ricci flatness condition in ambient space 



R 



0. 



This condition produces the following set of equations 



R 



pp 



R 



'p 

«2 -dA 



1 

" 2 

-h kl 
2 



R? t = o, 



ki 



o, 



Rt j = fR ij [h]-(d-2)h! ij -h kl ti kl h ij 
+p [2% - 2h' u h lm h' mj + h kl h> kl h> 3 ] = , 



(4.1.29) 

(4.1.30) 
(4.1.31) 

(4.1.32) 
(4.1.33) 



where . . .' = d p . . . and , Rij[h] are covariant derivative and Ricci tensor 
of the metric hij(x,p), respectively. It was shown in [55] that this system of 
equations is equivalent to the d+1 dimensional Einstein's equations with negative 
cosmological constant (see [68] for details). This can be easily seen from the 
following consideration 

• The AdSd+i bulk can be found in d + 2 dimensional ambient space as a 
d+1 dimensional surface defined as 



t 2 p = £ 2 , p > 0. 



(4.1.34) 



on which the metric (14. 1.27|) induces the standard Poincare metric for co- 
ordinates {x a } = {p, x 1 } 



1 



ds B ulk = 3ab (X,p)dx a dx b = —dp 2 + -h l] (x } p)dx l dx 3 



4p 2 



P 



(4.1.35) 



The corresponding bulk Ricci tensor is related to the nonzero components 
of the ambient Ricci tensor in the way 



R ab 



jjBulk i n Bulk 
n-ab noiJab 



(4.1.36) 
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and condition (14. 1.29ft leads to the negative constant curvature 

T)A _ n . nBulk _ -nBulk ^ab _ j~ jj (a i o 7 \ 

^afc - u - Kb 9 Bulk ~ p • (4.1.37) 

Therefore ( 14.1.29ft leads, as in the case of AdSd+i/CFT d correspondence [65], to 
the same solutions for hffi (x) in the FG expansion (14.1.28ft in terms of covariant 
objects constructed from the boundary value g%j{x) 

hff(x) = i 2 K^ = g ij {x)hf)(x) = £ 2 J, (4.1.38) 

h%\x) = t |i + K?K mj y hF> = g ij (x)hf?(x) = ^iT^,, (4.1.39) 

fcW = g ij (x)hf(x) = ^—-^.l&Bq , (4.1.40) 

The connection of the Fefferman- Graham ambient metric expansion and 
AdS/CFT correspondence was investigated and developed by many authors. We 
do not pretend here to present an exhaustive list of citations in this field and just 
quote a number of articles important for us in this area [32], [B3], [5S] . For us the 
most important result of [55] is the elegant method of constructing conformal in- 
variants (covariants) in d dimensions from reparametrization invariant (covariant) 
combinations of the curvature and it's covariant derivatives in d + 2 dimensional 
ambient space equipped with a Ricci flat metric (j4. 1.27ft by truncation to the d 
dimensional boundary at p = and t = const. In the simplest case of a Rieman- 
nian curvature tensor this prescription gives for nonvanishing components (see 
1 68 1 for detailed derivation) 



R? jk l \ p=0 = W ijk l , (4.1.41) 
R? jk V* = fCyib, (4-1.42) 

<%=o = ^. (4.1.43) 



Using this the authors derived in [55] the first nontrivial invariant obtained from 
(V^Rfjki) 2 an d discussed in details in [53]. In the same article Fefferman and 
Graham predicted that usual Laplacian in ambient d+2 dimensional space should 
produce conformal invariant second order differential operator in dimension d, 
which is the first representative in the hierarchy of conformal operators for scalar 
fields constructed here in subsections I4.1.3[ 14.1.41 



4.1.3 Hierarchies of conformal scalars and Euler densities 



In this section we introduce the hierarchy of scalar fields where k = 

1,2,3,... with the corresponding scaling dimensions and infinitesimal conformal 
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transformations 

A (fc) = k-d/2, (4.1.44) 
<%fc) : = A( fc )<7-yj( fc ). (4.1.45) 

Each of these exist in the spacetime dimensions d > 2k, and with the minimal 
dimension vanishing, A(m = when d = 2k. 

Let us now introduce the hierarchy of the Euler densities Q 

Z? •— X a l--- a d-2fcMlM2---M2fc-lM2fc T3V\V2 T3V-2k-\ v 1h (A\ Af£\ 

2k(d — 2k)\ 1 "' ad ~ 2kUlU2 "' U2k ~ lU2k /Ltl(U2 ' ' Wfc-iA'a*' v*--"--^^ 

This set of objects exist as Lagrangians in space time dimensions d > 2fc, but 
for the minimal case d = 2k, E^ is a total divergenece such that its integral is a 
topological invariant, the Euler characteristic. In these dimensions E^ trivialize 
as Lagrangians but describe the topological part of the trace anomaly in the 
corresponding even space-time dimension 2k. 

The idea of this section is the following observation: There should be a one 
to one correspondence between the conformally coupled scalars ip^k) o,nd the Euler 
densities E^y 

Our first step in proving this is to start from the action of the well known 
non minimal conformally coupled scalar in the space-time dimension d and with 
conformal dimension Ai = 1 — d/2 

S<n = \J d d x^~g - ^|y^(i) } • (4-1.47) 

We first see that the second term without derivatives and proportional to the 
scaling dimension can be written in the form — ^"l 2 ^ R = A^J. After that 
the proof of the conformal invariance of the action ( 14.1. 47ft becomes trivial: 
We write ( I4.1.26P for A = A(i) and use (14.1.141) . from which it follows that 
8 [y/g(p{i) (□ - A(i)j) <£>(i)] = 0. We next evaluate (I4.1.46P for k = 1 

E {1) = 2(d-l)J . (4.1.48) 

Finally we see that (14. 1.47ft can be rewritten in the form 

S(D = \j dfixy/g {-<p (1) n m + ^Yfwvh] ■ (4-1.49) 

We now see that derivative independent part of the conformally invariant action 
is proportional to the scaling dimension times the first Euler density. Note again 
that both objects degenerate in minimal dimension d = 2 where the Laplacian 



^Note that the usual Einstein-Hilbert Lagrangian in d dimensions is the k = 1 member of 
this hierarchy of gravitational Lagrangians. 
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itself is conformally invariant and the Euler density describes the topological 
invariant, which is the two dimensional trace anomaly. 

The next step in our considerations is the k = 2 case. Again this higher 
derivative action (or 4-th order conformal invariant operator) is known since 
many years [BTj WI\ for dimension 4 as well as for general d [BUI 154] . All this 
is presented in [53J where many of the invariant objects are considered. In our 
work, we rederived this Lagrangian just applying the Noether procedure to the 
local conformal variation of the following suitable object 

S?2) = \ J d d x^g{p {2m ^\ (4.1.50) 

whose Weyl transformation includes only the first derivatives of the parameter. 
In (I4.1.50P and thereafter, we use the notation 

D (k) := □ - A (fc) J, k = 1,2,3,... , (4.1.51) 

<*(A*)P(*)) = (^(k)-2)D {k) <p (K) + 2(k-l)& M (rd li (p {k)l (4.1.52) 

D% ] := V^-A (fe) ^, g^D$=D (k) , (4.1.53) 

6 (5£V (fc) ) = A (Jfe) <7D<£V(fc) + ( A (fc) " l)d ifl crd umk) + g^d x ad xm (4.1.54) 

Performing the functional integration of the Weyl variation of the (14.1.501) is now 
just a matter of some partial integration, elimination of the second derivatives of 
a using (I4.1.13l) . (l4.1.14p and cancelation of terms linear in da using the Bianchi 
identity ( 14.1.201) . It should be noted here that all these types of calculations 
could instead be performed using the powerful method proposed in [60]. Here we 
presented only the direct Noether procedure because that will be more suitable 
for us in the next section. After all these manipulations we arrive at the following 
action 

S(2) = \Jd d x^[( K D {2m2) )\AK^d^ (2) d m , ) ^ 

+2A {2) (K 2 - J 2 )^ 2) } (4.1.55) 

Then after some work we can evaluate Er 2 ^ using (14.1.461) and ( 14.1.121) to be 

E {2) = W 2 - A(d - 3)(d - 2) {K 1 - J 2 ) . (4.1.56) 

We see that the <^ 2 2 ) term in (I4.1.55P which is linear in A( 2 ), is proportional to 
the Weyl tensor independent part of the Euler density. The other term without 
derivatives is proportional to A 2 2 ^. This noninvariant part of the four dimensional 
trace anomaly arises in AdS/CFT [65] and carries the name "holographic", and 
corresponds to the maximally supersymmetric gauge theory on the boundary of 
AdS 4 . 
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The combination 



-\J***{ W-W- (4L57) 

on the other hand is also conformally invariant and can be added to (14. 1.55ft at 
no cost. This leads us to our final result 

5 §) = \ J d d %yfg {^(2)nV(2) - 2A (2 ) J<P($n<p (2) + A 2 {2) jV( 2) 

- 2Jd^ (2) d^ (2) + AK^d^ {2) d vV{2) - _ g (2) rf - ^( 2 )^ 2 )} , (4.1.58) 
confirming our main observation in the k = 2 case. 

4.1.4 The A 3 = 3 - d/2 case 

To confirm our main observation, verified for k = 1,2 above, and present it as an 
assertion for general k, we need to carry out this verification in the next nontrivial 
case of k = 3. This is the content of the present subsection, which consists of the 
explicit calculation of the conformally invariant action analogous to ( 14.1. 49ft and 
( 14. 1.58ft for k = 1, 2. In this case we will follow again the same strategy. 

Taking into account that Dr 3 -\ipr 3 ) scales as an object with the dimension 
Am = A(3) — 2 we start from the following initial Lagrangian 

S(3) = -\J d d xy/g[% )m (5 (3 ) + 2j) 5(3)^(3)} , (4.1.59) 

with the more or less simple Weyl variation 

SS° {3) = - J d d x^g{w m ip m (A {3)m d x ad x J + 4{A {3) - 2)K^d^d vm ) 
-2D mm (D {3) <p {3) 6J - 4D^ m 8K^ - 2d xV(3) 8 x 5J - 2A {3) 5(K 2 ) n3) ) } . (4.1.60) 



The second line in ( 14.1.60ft can be integrated adding to the S? 3 s the following 
terms 

Sf 3) = -Jd d Xyfg {2(5(3)^(3)) V- 85(3)^(3)5(^(3)^ 

-4D {3) ip {3) dxp { 3)d x J - 4A (3 ) 5 {3) (p {3) K 2 (p {3) J . (4.1.61) 

Writing the variation of the S?^ is rather more complicated. First we should 

separate the Laplacians from A/3) J in the terms with D(g\(pr$\, then, perform- 
ing some partial integrations we redistribute derivatives and separate the terms 
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dfji(p(3)d v (p(3), d^ifty d^f (3) and <p 2 3 s, that are irreducible under partial integration. 
After some manipulations, using ( 14 . 1 . 1 6 [) and Bianchi identities, we obtain 



where 



+ J d d X\fg {^C^dxod^^dyip^) + 24A( 3 - ) C x>lu d\<7K lll/ (pf 3) } ,(4.1.62) 

S 2 3) = J d d x^g {2AK 2 ^ - IQJK^ - AK 2 g^} d, m d um , (4.1.63) 
^ (3) =4A (3) f d d x^{J 3 -3K 2 J + 2K 3 }rf 3) . (4.1.64) 

Now to cancel the second line in (I4.1.62p with the Cotton tensor we have to turn 
to the Bach tensor transformation (14.1.231) . It is easy to see that the following 
combination 

S W = / d d x^{B^d lxm d vm + A {3) B^K^f 3) } , (4.1.65) 

make our action completely locally conformal invariant. It follows that the re- 
quired locally Weyl invariant action for the k = 3 case is 

2 
i=0 

Now we analyze the linear on A^(p 2 3 ^ part of ( 14.1.66!) : 

4A (3) J d d x^^J 3 -3K 2 J + 2K 3 -j^B^K^v 2 3) . (4.1.67) 

We see again that this part coincides with the so-called "holographic" anomaly 
[65] in 6 dimensions written in general spacetime dimension d ( see also [68] for 
the role of the Bach tensor in holography ). The main property of the holographic 
anomaly is that it is a special combination of the Euler density with the other 
three Weyl invariants [69] which reduce the topological part of the anomaly to 
the expression ( 14.1. 67ft (see [70] for the correct separation), which is zero for the 
Ricci flat metric. 

But this is for the anomaly itself in d = 6. Here we are concerned with the 
invariant Lagrangian and presence of the scalar field and the integral make our 
considerations easier. To get the invariant action with the whole third Euler den- 
sity, we have to perform some more work, and find that there is another invariant 
action with the maximum of four derivatives. This action can be obtained, using 
the same Noether procedure, to render the following initial term 

S°w = {d _ 3) 8 (rf _ 4) / d d x^W^D^ m D^ m (4.1.68) 
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invariant. After some lengthy but straightforward calculation we arrive at the 
following locally conformal invariant action. 

Sw = S(3) — Sw — Sly — S w {3) , 5Sw = 0, (4.1.69) 

where 

S w = Jdxrf{ {d _ 3) + {d _ m _ A) )^(3)^(3), (4-1.70) 

q a (3) f, d r ] im^K^K^ 3W 2 J-12W 2 ^K fll/ \ 2 

S w = A (3) ydx^| ^ + (d- 3 )(d-4) (4 ' L71) 

To derive this we used the Bianchi identity ( 14.1.18)) contracted with the Weyl 
tensor. This leads to the following relation 

l -d a W 2 - 2V,W 2 a » = 2(d - 4)C Xp »W va A " , (4.1.72) 

which generates the terms quadratic in the Weyl tensor in ( I4.1.69p - ()4.1.7ip . 
Therefore the existence of the invariant (14.1.691) allows us to replace the Bach 
tensor dependent term in 1)4.1. 661) with W dependent terms and obtain 

2 

^(3) = ^(3) + S\v + + ^(3) <3) + ^u/ (3) - (4.1.73) 

Then we see that all terms proportional to A 3 ip 2 3 ^ are accumulated in the last 
two terms of 1 14.1.731) 

^" + - ( ^ 5)(rf 3A3 4)(<i _ 3) / (4.1.74) 

where 



.4 = (d-h)[W 2 J -AW 2 » U K^} + 4(d-5){d-4)W^K lxl/ K, 



ad 



+-(d - 5)(d - 4)(d - 3)[J 3 - 3fT 2 J + 2K 3 ]. (4.1.75) 
We can now insert ( 14. 1.12ft in ( 14. 1.46ft for k = 3 and get 



— W 3 H 

3 3 

W 3 = W^WgW* ,W* = W a ^W x ^W a x f. (4.1.77) 



E {3) = — W 3 + — W 3 + 8A, (4.1.76) 



fiu Xp a/3 ' 

In the same way as in the k = 2 case we can add these two additional invariant 
actions with the appropriate coefficients: 
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and restore the Euler density containing Lagrangian 

^(3) 3) = ^(3) + ^W 3 

= \fd^ 9 [- vm u^ m+ ... + 4<d _ 5) ff 4)(J _a ) W w }. (4 

where we put . . . instead of the other terms with derivatives, or terms propor- 
tional to A/L and A%y These terms can be readily read off (14.1.59)) . ( 14.1.61)) . 
( 14.1.68)) and (I4.1.70|) . 

We have proved our assertion concerning the connection between the hierarchy 
of conformally coupled scalars with the dimensions A*, and Euler densities Er^) 
for the k = 1,2,3, and have constructed the conformal coupling of the third 
scalar with gravity in dimensions d > 6. This action in spacetime dimension 
d = 6 or equivalently for A( 3 ) =0 degenerates to a conformal invariant operator 
for dimension scalars obtained in [7TJ [72] from cohomological considerations of 
the effective action. 

4.1.5 Hierarchies of conformal invariant powers of Lapla- 
cian from ambient space 

In subsection 14.1.31 we introduced the hierarchy of scalar fields </?(&)> where 
k = 1, 2, 3, . . . with the corresponding scaling dimensions A/q = k — d/2 and in- 
finitesimal conformal transformations (14.1.45)) . Each of these exists in the space- 
time dimensions d > 2k, and with the minimal vanishing dimension, A^) — 
when d = 2k and couples with gravity in the conformally invariant way through 
the hierarchy of the conformally invariant k-th power of the Laplacian 

C (k) = □* + ••• + A (fe) a (fe) . (4.1.80) 

The interesting point of this consideration was the appearance [50] of the so- 
called holographic anomaly [65] namely the derivative independent part of the 
conformally invariant k-th power of Laplacian is the scaling dimension times the 
holographic anomaly in dimension d = 2k written in general spacetime dimension 
d. 

In this subsection we will explain this remarkable property of the above hier- 
archy, namely that one obtains conformal invariant operators from the k-th power 
of the Laplace-Beltrami operator constructed from the ambient metric which acts 
on the d+2 dimensional scalar field and from using the FG holographic expansion 
( 14.1.28)) . So we concentrate on0 

(D A ) k f(x,t,p), (4.1.81) 

*We use the notation CU for the Laplacian in ambient space. The □;, is the Laplacian 
constructed from hij(x,p) and a simple □ corresponds to the boundary metric gij{x) . 
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where 



4p 



t 2 



t 



2p. 



v v t 2 



2(ri- 2) 



9 P . (4.1.82) 



For doing that first of all we have to understand the right truncation for the 
d + 2 dimensional scalar f(x, t, p) to the d dimensional scalar (pk(x). Taking into 
account that we do not want to consider AdS/CFT behaviour for the scalar field 
we can take it p independent. Then from simple scaling arguments we arrive at 
the following ansatz 

f(x,t,p)=t A W nk) (x). (4.1.83) 
Then we see that (14.1.821) reduces to 

. . Ac 



□ 



h<P(k)(.X) 



(4.1.84) 



so that inserting k — 1 and using ( 14 . 1 . 3 8 [) we obtain 

D A [t A W<p (1) (x)] \ p=0 = fr d/2 (□ - A(i) J) tp (1) (x), (4.1.85) 
where we recognize in the brackets the well known conformal Laplacian 



C 



(i) 



□ -A (1) J=D+ f d . 2 \ R. 



(4.1.86) 



4(d- 1) 

The next step in our ambient space considerations is the k = 2 case. First we 
rewrite the last term in (I4.1.82p in the A(&) dependent form 

d-2 a 4A (fc) - 4(fc - 1) 



Inserting (14 . 1 . 84 j) in (I4.1.82p and expanding in p we obtain 



-d p . 



(4.1.87) 



□ 2 [i A (*V (fc) (x)] = ft A <^f {k) (p,x) = £H A «r 



4(3- A;) 



h^Vidj + -{V n h {l) )d n 



( 3 _ k)hP^hf> - h^ 2 



pA( fc) 
£ 4 



+ P 0(V) + P 0(3 - fc) + pO(A 2 fe) ) + 0(p 2 )} nk) (x), 
where we use the following relations 

4 ^ 



(4.1.88) 

(4.1.89) 
(4.1.90) 
(4.1.91) 
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obtained from p expansion of (14.1. 3ip and (14.1.32j) . Now inserting in (14. 1.881) 
k — 2 and p = and using (14. 1 .38[) we obtain 

° 2 a [t A w<p {k )(x)] | P =o = £h A ^- 4 C {2mk) (x) , (4.1.92) 
£ (2) = (□ - A (2 ) J) 2 - 4ViK ij dj + 2V i J8 i + 2A (2 ) {K 2 - J 2 ) . (4.1.93) 

Again this fourth order higher derivative conformal invariant operator is known 
since many years [61], [62] for dimension 4 as well as for general d [63j [64] . This 
operator was rederived in [SHI and here in subsection 14 . 1 . 31 as a kinetic operator for 
the second Lagrangian of the hierarchy of conformally coupled scalars by simply 
applying the Noether procedure. 

Now we can evaluate the general expression for Euler densities 

P S-h---id-2kjlj2---j'2k-lj2k T^k 1 k 2 p fc 2fc-1^2fc I A 1 

^ ' _ 2k(d — 2k)\ 1 --- id - 2kklk2 --- k2k ~ lk2k jlj2 " iik-ihk ' \^- L -^) 
for k = 2 and obtain 

2A,,(^-/^- 2(d _^_ 2) (E m -W>). (4.1.95) 

So we see that the last term in (14.1.931) . which is linear in A( 2 ), is proportional 
to the Weyl tensor independent part of the Euler density. Thus we recognize as 
a (fc) of 04.1.8OP for both the k = 1,2 cases 04.1.851) . (I4.1.92|) 

a <» = -> W = "2(^T) B « ■ < 4L96) 

a (2) = - H«») = - 2(d J )(d _ 2) - W>) . (4.1.97) 

The "holographic" trace anomaly arises in AdS/CFT [65] and corresponds 
to the maximally supersymmetric gauge theories on the boundary of AdS% and 
AdS^. To check our statement as an assertion for general k, we need to carry out 
this verification in the next nontrivial case of k = 3 obtained in subsection 14.1.41 
by the Noether procedure [50J(the sixth order conformally invariant operator in 
d = 6 was obtained in [71] from cohomological consideration). We performed 
the full calculation inserting (14. 1.88ft with k = 3 in ( 14. 1.82ft and have found full 
agreement with the formula ( 14.1.73ft ((56) of [50J). Here, to avoid cumbersome 
formulas, we will trace only the derivative independent term linear in A( 3 ). First 
of all we see from ( 14 . 1 . 8 2 [) and (I4.1.87P the relation 

a A £H A ^- A f (k) (p,x) = ^ A w- 6 [n + (4-A (fc) )/iW 

+ A(5-k)d p + 0(p)]f {k) (p,x). (4.1.98) 

Then it is easy to see that the relevant terms in ( 14.1.88ft are only two derivative 
free expressions with the £~ A in front. Now because both derivative free terms in 
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( 14.1.881) are already with a A( fc ) factor, the operator (14.1.981) contributes only as 
Ah^ + 8d p if k = 3 and we have to just multiply the derivative free part of the 
second line in ( 14.1.881) (it is just -^^h^ 2 for k=3) by 4/i« and add it to the 
third line of (14. 1.88)) with factor 8 instead of the p. So finally we have 



u\ [t A ^ V(k) (x)] \ p=0 = ft A ^- 6 c (3m3) (x) = e 6 t A ^ 

, 8A 0) 



□ 3 + 



h im h f) _ Ah^h!fM )k + shV>hfM}$ - h^ 3 



(p i3) (x). (4.1.99) 



Now using again (14.1 .38)) and (14.1.391) we see that 



1(3) 



J 3 - :\K' J l\ , r l + 2K ij K jn K™ - j—^ 



K l3 B 



. (4.1.100) 



We see again that this part coincides with the so called "holographic" anomaly 
[65] in 6 dimensions written in general spacetime dimension d ( see also [68]). The 
important property of the holographic anomaly is that it is a special combination 
of the Euler density with three other Weyl invariants [69], [70] which reduce the 
topological part of the anomaly to the expression (14.1.100)) . which is zero for the 
Ricci flat metric (see [73] for recent results on purely algebraic considerations of 
the general structure of the Weyl anomaly in arbitrary d ). 



4.1.6 The ambient space, PBH diffeomorphisms and Ricci 
gauging 

In this subsection we consider an ambient space origin of another method of 
construction of d dimensional local conformal invariants. This is the so-called 
Ricci gauging proposed by A. Iorio, L. O'Raifeartaigh, I. Sachs and C. Wiesen- 
danger in [60]. Ricci gauging is very effective when we start from a scale invariant 
matter field Lagrangian and want to generalize it to a local Weyl or conformal 
invariant Lagrangian. The prescription developed in [60] consists of two steps 



1. First of all we have to perform Weyl gauging by introduction of the corre- 
sponding Weyl gauge field Ai(x). For the scalar field it looks like 

di(p( k )(x) -)> Di(p( k )(x) = (di - A( k )Ai(x))<p( k )(x), (4.1.101) 
5Ai(x) = dia(x), 5Di(p {k) (x) = A^Dicp^(x), (4.1.102) 

with the additional "pure gauge" conditions VjA,- = VjAj for elimination 
of the self invariant combinations of Ai constructed from the field strength 



d {l A j} 



2. 



After Weyl gauging the actions with a conformally invariant flat space limit 
(scale invariant) contain the field Ai only in the combinations 
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%L4] = ViAjix) + AiAj - 9 -^-g kl A k A h Sn^A] = V t d j a(x), (4.1.103) 
Q[A] = g ik ViA k (x) + d -_l g ^ AkAu SQ[A] = n a {x) , (4.1.104) 

and therefore can be replaced by 

Kij = ftij[A] and J = Q[A] . (4.1.105) 

The authors of [60] called this procedure Ricci gauging. 

To understand this Ricci gauging on the level of d + 2 dimensional gauged 
ambient space of Fefferman and Graham we turn first to the idea of PBH dif- 
feomorphisms [67] of the higher dimensional spaces, which reduce to conformal 
transformations on the lower dimensional boundary or embedded subspace. Ac- 
tually the PBH transformations can be defined as higher dimensional diffeomor- 
phisms which leave the form of the higher dimensional metric invariant. The PBH 
transformations for the bulk metric (14. 1.35[) are constructed and analyzed in [59] 
and [74J. For the d+2 dimensional ambient metric (14.1.271) PBH diffeomorphisms 
are considered in [6B] • The existence of such a transformations is another reason 
why the reparametrization invariant powers of the Laplacian in ambient space 
reduce to the Weyl invariant operators in d dimensional space as considered in 
the previous section. Following [68] we define PBH transformations of (14.1.271) 
as diffeomorphisms (Lie derivative along the vector £ M (t,p, x)) 

5gA(af) = C at>p>x) g^(t, p, x) = (\t, p, x)d x g^(t, p, x) 

+ gfc(t, p, x)d„(\t, p, x) + g* x (t, p, x)d fl (\t, p, x), (4.1.106) 

satisfying the conditions 

^9u(t, P, x) = 5gf p {t, p, x) = 6gf p {t, p, x) = 6g£(t, p, x) = Sgf^t, p, x) = . 

(4.1.107) 

The corresponding infinitesimal PBH transformations are 



t%p,x)=ta(x), (4.1.108) 

( p (t,p,x) = -2pa(x), (4.1.109) 

t 2 

C(t,p,x) = C(x,p) , hij{p,x)d p C{p,x) = —dia(x) , (4.1.110) 

5hij(p,x) = 2a(x)(l - pd p )hij{p,x) + C c[p , x) h i:j (p, x) . (4.1.111) 

We see that PBH transformations depend on two free parameters cr(x) and 
C(x) = 0(0,2) corresponding to the local Weyl and local diffeomorphisms of 
the boundary metric gij(x) = hij(0,x). All other terms n!£("^(x) = |^CG°> x ) \p=o 

of the p expansion of the C(p> x ) are expressed through a(x) according to the 
relation (14.1.1101) . This dependence fixes the special unhomogeneous forms of 
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the Weyl transformations of the FG coefficients, which is in full agreement with 
the direct solution ( 14. 1 .3T|) -f l4. 1 .39|) of the corresponding equations (14. 1.29ft or 
(I4.1.37P (see [59] for details). 

To include the Weyl gauge field Ai (x) in this game and find an ambient space 
description of the Ricci gauging we introduce a generalized d + 2 dimensional 
gauged ambient space with the following metric 

t 2 

(1sq A = — [hij(p, x) + p£ 2 Ai(x)Aj(x)] dx l dx^ — pdt 2 — t [dt + tAi^dx 1 ] dp . 

(4.1.112) 

Then we consider corresponding d + 2 dimensional diffeomorphisms conserving 
the form of fl4.1.112j) 

6gg A {t, p, x) = 5g? p A (t, p, x) = 5g^ A (t, p, x) = 5gf A (t, p,x) = 0, (4.1.113) 

and giving for Ai(x) a gauge transformation with the Weyl parameter a(x) 
(14.1.1021) . The corresponding solution gives for new PBH transformations 



£ t (t,p,x)=ta(x), (4.1.114) 

(»{t,p,x) = -2pa{x), (4.1.115) 

(%p,x) = C(x), (4.1.116) 

Sh i:j (p,x) =2a(x)(l -pd p )h ij {p,x)+C^hi j {p,x) 1 (4.1.117) 

5A(x) = diCT(x) + C c(x) Ai(x) . (4.1.118) 



Comparing with ( 14.1 .108j) - fl4. 1. 11 TT) we see that we were lucky with the ansatz 
(14.1.1121) to restore the Weyl part of the PBH transformation with the proper 
gauge transformation for Ai(x). The only difference that we have here is the p- 
independence of the bulk diffeomorphisms C l (x) and correspondingly the absence 
of the condition (14. 1 . 110)) . It is a price for the additional gauge field transforma- 
tion (14.1. 118p . However, this difference is very essential for the FG expansion. 
Putting C{x) = we get from (14.1.1171) for pure Weyl transformations of the FG 
coefficients n\h\j\x) only the homogeneous parts 

S 9ij (x) = 2a{x) 9ij (x) , (4.1.119) 
5h[]\x) = 0, (4.1.120) 
8hf){x) = -2a(x)h^(x) . (4.1.121) 

So it seems really as a Weyl gauged version of the FG expansion. For making the 
final check of this assertion we turn now to the Ricci flatness condition for the 
gauged ambient metric ( 14. 1.11 21) . Inverting the metric (14.1.112)1 we obtain 
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where 

7 = 1 + pi 2 A 2 , A 2 (p, x) = h nm (p, x)A n (x)A m (x) , (4.1.123) 
A\p,x) = h ik {p,x)A k {x). (4.1.124) 

Then the calculation of the Christoffel symbols and Ricci tensor became straight- 
forward if we admit the condition Fij = . After a long calculation we see that 
the first four equations 



R 



GA 



r>GA 



R^ A = 0, 



R 



GA 
PP 



kl 



~-h^ti jk h kl h' H 



(4.1.125) 
(4.1.126) 



are the same as in the usual ambient space. But the last two undergo a change 



tdGA 



2 tjGA 



tR, 



+ h^Ai + ( L^h' lk h kl A l - P K k h kl A l = 



(4.1.127) 

= fR^h] - (d - 2)ti %3 - ihPh'uhu + P1 [2/iJ - 2ti u h lm ti mj + h kl h' kl K 3 ] 

- (d - 2){y[ h) A J + AiAj - A 2 hij) - h ij V i k h) A k 

+ p[h k % l vf ) A j - (d - 4)A% - 2A k (h' lk A 3 + h! ]k A % ) 

h k \h' kl Vt ] A 3 + h' kj vt ] A t ) + Vf \h' ij A k ) + 2 P hf ik A%A l ] = 0. (4.1.128) 



Then inserting in (I4.1.128j) p = we obtain instead of (14.1.381) the following 
solution for the first coefficient of the FG expansion 



h\ 3 \x) 



X 



Kij - - .\,.\, + 
Kij — , 
J - tt[A] . 



ki 



(4.1.129) 
(4.1.130) 



So we see that (14. 1.129ft is Weyl invariant which is in agreement with the PBH 
transformation (I4.1.120p . On the other hand we see that Ricci gauging leads to 
a trivialization of the Fefferman- Graham expansion. Indeed the Ricci gauging 
condition (I4.1.105P means 

0. (4.1.131) 



h 



(i) 



(n) 

ij 
(n) 



Moreover because equations (14 .1.1261) - (14 . 1 . 1 2 8 j) express recursively each next h 

through the nonzero powers of previous ones we can conclude that all higher h. 
coefficients of the FG expansion are trivialized after imposing the Ricci gauging 
condition. The final conclusion which we can make now is the following: The FG 

expansion for a gauged ambient metric ^4.1.112 ) can be obtained from the usual 
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expansion for {^.1.21^ by the Weyl gauging. For example we can easily guess the 
next coefficient 



hf{x) = |^ + (K™ - nm)(K mj - Omj[A]) } , (4.1.132) 
where 

B tj = B tj - (d - A)A\C kij + C kji ) - (d - A)A k A l W ktj 1 (4.1.133) 
is the Weyl gauged Bach tensor. 

4.2 Conformal invariant interaction of a scalar 
field with the higher spin field in AdSn 

4.2.1 The cases of spin two and spin four 

We work in Euclidian AdSp with the following metric, curvature and covariant 
derivatives: 

j2 jB 

ds 2 = g iiV {z)dz il dz v = j^-S^dz^dz" , -J^g = , 

[V M , V,] V{ = - R^/Vx , 

R,J = -T^a (WS - 5 ^ 5 £) = -J2 {9M% - 9»\i?)8Q , 
~ (zPy v ~ Tp~9iJ,v\ z ) i R — J2 • 

In [32] the authors constructed gauge and generalized Weyl invariant actions 
for spin two and four gauge fields interacting with a scalar field. Here we review 
these results in the form suitable for a generalization to arbitrary higher even spin 
fields. We work with double traceless higher spin fields in Fronsdal's formulation 
[23], [25] where the free field equation of motion for the higher spin I field ^ w ... Ms 
reads 



t{l-\) 

f + i(D-6)-2(D-3) 1(1-1) p _ 



This equation is invariant under gauge transformation^ 



§We denote symmetrization of indices by round brackets. 
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M2— WJ 



(4.2.2) 



where 



/i P<J = 

e p = 

The trace of Fronsdal's tensor reads as 



(4.2.3) 
(4.2.4) 



,(£)/il.../i£_2 



Q/il.../i£_2 



{t)iMi...iH-d«P _ (I - jOCg_+^j) ^ffla Atl ...^_ 2 



L 2 



For the case £ = 2 one can see [32J that a Weyl invariant action is 
where 



5 ( 



D(D-2) 



4L 2 



sf\<pM 2) ) 



,(2) (/l (2) 



-V^V„0 + ^(V A 0V\ 

1D-2 
8L> - 1 _ 



(4.2.5) 
(4.2.6) 

(4.2.7) 
(4.2.8) 

(4.2.9) 
(4.2.10) 
(4.2.11) 



which is of course the linearized form of (14. 1.47ft and is invariant with respect to 
the gauge and Weyl transformations 



/if 



A = l-£ 
2 



(4.2.12) 
(4.2.13) 

(4.2.14) 



is so-called conformal weight of the scalar and gets fixed by conformal invariance condi- 
tion 
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Now we turn to the case I = 4. In [32J the authors started from the ac- 
tion (I4.2.7P and applied Noether's procedure using the following higher spin 
'reparametrization' of the scalar field with a traceless third rank symmetric tensor 
parameter 

^) = e^( 2 )V,V„V^(4 e% = 0. (4.2.15) 
The variation of gXTD iE 

+ D( fJ 2) v ^ v ^l - ^[-v^v^ + ^(v^W + D( f L 7 2 V )] 

+ [V 2 - D( 4 L 7 2) 0]V M (6^V^)}. (4.2.17) 

We see immediately that the first two lines of ( 14.2.17}) produce interactions with 
the spin four and two currents. From the other hand the last line in (14.2.171) is 
proportional to the equation of motion following from So(4>) and therefore can be 
absorbed after gauging by the trace of the spin four gauge field (2e^ — > ha^ afMU ) 
performing the following field redefinition of <p 

<P^<P+\vM )a ^v<f>) (4-2.18) 

Such a type of field redefinition is a standard correction of Noether's procedure 
and means that we always can drop from the cubic part of the action terms 
proportional to the equation of motion following from the quadratic part of the 
initial action. 

So finally we see that the action 

S GI ^,h^,h^) = So^ + Sf'^h^ + Sf^^h^), (4.2.19) 

where S (<f>) , Sf W (<j>,hW) are defined in (jOTp - dO^) and 

Sf\t, h^) = \ j d D z^-gh^^XM) (4-2-20) 
= V (M V^V a V^)0 - </o«,[V«VWflV 7 + D{D ^ 2 2) V a ^ P) <Pl (4.2.21) 



"From now on we will never make a difference between a variation of the Lagrangians or 
the actions discarding all total derivative terms and admitting partial integration if necessary. 
For compactness we introduce shortened notations for divergences of the tensorial symmetry 
parameters 

e^-=Vxe A ^-, c£j- = V^Vac"^-, ••• (4.2.16) 
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is invariant with respect to the gauge transformations of the spin four field with an 
additional spin two field gauge transformation inspired by the second divergence 
of the spin four gauge parameteiF*! 

5l<f>(z) = e^ A (^)V At V,V A 0(^), (4.2.22) 
go h (4)v>af) = 4V (M e ^/3) ; s° e h^ )a ^ = 2e^, (4.2.23) 

S o h (2)^ = 2V^eg ) . (4.2.24) 

Thus we introduced a gauge invariant interaction of the scalar with the spin 
four gauge field h^ a/3 in the minimal way. The next step is the spin four Weyl 
invariant interaction. 

We write the generalized Weyl transformation law for the spin four case as in 
the [32] 

^/i (4) ^( 2 ) = \2o^\z)g afi \ 8l4>(z) = A 4 a a/3 V a V /3 0, (4.2.25) 

where we introduced a generalized "conformal" weight A4 for the scalar field. 
Then following |32j one can make (14.2. 19[) Weyl invariant introducing the follow- 
ing terms 

Sf = \ilj d D z^-gr^V,<pV u <P+ l -e,j d D zy^gV ,V u r^» <f ,(4.2.26) 
wherd^] 

= V a V p h^ a ^ v - Dh^ - V^V p h^ a - ^±11 ^)°^, (4.2.27) 

Lj 

<5 e V 4 V = 0, rf* = 0, (4.2.28) 
1 1 D n 1 D(D-2) . D , . 

Thus the linearized action for a scalar field interacting with the spin two and four 
fields in a conformally invariant way is 

S WI (4>, /^ {2 U (4) ) = S WI (<f>, h^) + Sf (4) (0, fc< 4 >) + 5[ (4) (0, /^), (4.2.30) 
which is invariant with respect to gauge and generalized Weyl transformations 
S 1 ^ = ^V M + e^V^VvVxt + Aa0 + Aa^VpVvfa (4.2.31) 
j0/l (2)^ = 2v(%") + 2V (M eJ / 2 ) ) + 2(1 - A - 4D$)V ( 'VjJ ) 

+2<7<T + 2£ 4 V (2) <T (4.2.32) 
^0^(4)^/3 = 4V (m £ ^) + Wo^g"®. (4.2.33) 



**Note that the spin two part of our action continues to be invariant in respect of usual 
linearized reparametrization (|4.2.12p 

^We have to mention that our A4 here differs from A in (33] because of field redefinition 
(|4.2.18[) which is the reason why S 1 * 1 ' from [32] turned into (14.2. 21j) . When we make field 
redefinition, we add to the Lagrangian terms which are not Weyl invariant, and in order to 
restore Weyl invariance we have to change the coefficient A4. 
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4.2.2 Gauge invariant interaction for the spin £ case 

Here we generalize our construction to the general spin i case. Again following 
[32] we apply the following gauge transformation 

8\<j>{z) = e^-^{z)V^V m ...V M _ l( j>{z), (4.2.34) 
go h (i)pi...M = j V ( We MiM2-w-i) ; s o h (£)a»!...^ 2 = 2e j t i 1 ) - w - 2 ? (4.2.35) 

<Zm-^ = ( 4 - 2 - 36 ) 
to the action (I4.2.7P and obtain the following starting variation for Noether's 
procedure 

5lS Q (<P) = J d D z^{V a e^-^V a <pV, l ...V fle _ 1 <f ) + 

e" 1 -"'- 1 V^V%...V w _ 1 ^ + 2) ^"^-^V Ml ...V w _^}. (4.2.37) 

Using the following notations 

T(n,k) = V Q e^- 1 V w ...V / , fc _ 1 V Q 0V / , fc ...V,„_ 1 0, (4.2.38) 
M(n,k) = e^ 1) V w ...V Aifc V a 0V / , fc+1 ...V Mn V>, (4.2.39) 
N(n,k) = ef/:;%V, 1 ...V Mfc 0V Mfc+1 ...V M „0. (4.2.40) 
and commutation relation (D.l) from Appendix D we rewrite (I4.2.37|) in the form 

5lS ((j)) = J d D ZV ^{T(£, 1) + M{1 -1,0) + 

+ (^|^2) JV( ,_ M) + ^ JV(< _ M)} . (4 . 2 . 41) 

Then using relations between T(m, n), M(m,n) and N(m,n) from Appendix C 
and after some algebra we 'diagonalize' f)4.2.4ip 

e 

SlSoM = J2(-l) m ( £ ~ m ~ X ) [ d D zV^{-T(2m,m) + ^M(2m-2,m-l) 

m=l \ m J J 

(D + 2m — 2)(D + 2m — 4) Ar/ 
+ -N(2m - 2, m - 1) 

^ ^ 1 ^Tr ) 2 ( V ^--- V ^- 1 [ V ^ ~ ^Fj^^ V ^---V, 2m „ 2 0)} (4.2.42) 

Further performing a final symmetrization in (I4.2.42p . we obtain the following 
elegant expression 

e 

slsM) = ! d D z^- 9 { ± ( e - m _-- \v^:zr ] ^J 

J m=l ^ ' 

i 

+ [V 2 - ^^<P] £ (' ~™ 7 *) V^.-.V^^— V, ro ...V, 2m _ 2 0)}, (4.2.43) 
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where 



m(2m) (_iW/y v v 

Ml-M2m V X / 1 V Ml" - V fmT V Mm+1" - V M2 

-yfl , M 2m -iM2mfi ,a/3 V( Atl ...V Mm _ 1 V a )0V( Mm ...V At2m _ 2 V / 3)0 
m(D + 2m - 2)(D + 2m - 4) 



8L 2 



Wi^V^i-V-^V^.-.V^.^} (4.2.44) 



and we admitted symmetrization for the set /jli, . . . fi2m of indices. So we see that 
miraculously the coefficients in (I4.2.44p don't depend on £ ! All i- dependence is 
concentrated in the second line of (14.2. 43[) proportional to the equation of motion 
for the action (I4.2.7p . This part like in the spin four case can be removed by an 
appropriate field redefinition (see fj4.2.49j) . (14.2. 5Uj) . (D.6)) 



2 £-2m + l 

m=2 v ; 



and we can drop these terms from our consideration. Thus we arrive at the 
following spin £ gauge invariant action 



S G/ (0, = S (4>) + £ 5f (2m) (0, /»<*»>) (4.2.46) 



m=l 

where 



'!,(2m)fii ■ ■ -M2m v[> ( 2m ) 



Ml---M2m 



-11 



2m 

m 



| ^^ v ^{/ i ( 2 ^-^V, 1 ...V, m 0V, m+1 ...V 



M2r, 



2 ' i aMm...M2m-2 V (Ml - - - V Mm- 1 V M) V V ---V V r 

_ m(D + 2m-2)(D + 2m- 4) (am)om ... 

g^2 Q V Ml "■ V Mm-lV V Mm - " V M2m-2r'j ) 

(4.2.47) 

and the final form of the improved gauge transformations 

8\4>{z) = e^---^{z)V^V^...V lil _ 1 cf>{z)i (4.2.48) 

^0^(2m)/ii...(i 2 m _ 2mN7 (M2m £ -(2m)/il.../i2m-l) ^0 ^(2m)a/ii . . ./i 2 m- 2 _ 2^( 2m )Mi---M2m-2 ^ 2 

(2m)At 1 -M2m-l _ - m - 1 \ Ml-M2m-1 o rpA 

5 - ^ m _l y C (^-2m) ■ l 4- ^ -5U J 

Now we can insert m = | into f)4.2.44p and compare our general expression for 
S'f £ (4>,h^) with the already known cases of spin two (the energy momentum 
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tensor for the scalar field) (14.2.91) and spin four (" 14 .2.211) . We can easily see that for 
these cases Sf 1 2A) (<fi, h^) exactly reproduces (I4.2.9[) and (14.2.211) respectively. 
So we found the gauge invariant action for a general spin I gauge field coupled to 
a scalar and this action has the following property: 

The gauge invariant action S GI ((p, h^ 2 \ hS A \ h^>) for a spin i gauge field 
coupled to a scalar includes gauge invariant actions of the tower of all smaller 
even spin gauge fields coupled to the same scalar in an analogous way. 

Note that this statement holds true only if we think of an even number of 
divergencies applied to the gauge parameter as a possible redefinition of gauge 
parameter of smaller even spin gauge fields, in that case this amazing hierarchy of 
all smaller even spin currents appear. Another possibility is to regard divergencies 
of the gauge parameter as gauge transformation for divergencies of the trace of 
the spin £ field and make an appropriate field redefinition. In that case we 
don't need to introduce smaller spin currents, but the field redefinition will be of 
another form. The current of spin i is the same in both approaches, it is unique, 
and in the flat space limit reproduces currents constructed in [SI], [ID] and [IS] 
applying a partial integration and field redefinition. The interesting point is that 
this symmetric form of currents is unique, and the natural generalization of the 
energy- momentum tensor of the scalar field (I4.2.9p . 

4.2.3 Weyl invariant action for a higher spin field coupled 
to a scalar 

In this section we introduce generalized Weyl transformations for higher spin 
fields and derive a Weyl invariant action for a higher spin field coupled to a scalar 
field. Following [32] we write the generalized Weyl transformation for the even 
spin I field in the form 

(jo^Ww-w = i(i _ 1 ) <7 (mi-w-2^w-iw) j (4.2.51) 
5 o^)a W ...«- 2 = 2 (D + 2£- 4)o-^- w - 2 , (4.2.52) 
Sty = A^-^- 2 V M ...V w _ 2 0. (4.2.53) 

Then we assume that the Weyl invariant action for a spin i field should be 
accompanied with similar Weyl invariant actions for smaller spin gauge fields 
and therefore can be constructed from (I4.2.46P adding | additional terms 

1/2 

S WJ {<f>,h®,hM,...,h®) = S GI (<p,h^,...,h^) + J2sf m \<P,h^), (4.2.54) 

m=l 

where each 5^ (2m) i s gauge invariant itself. In the case of spin two we had only the 
linearized Ricci scalar (see (I4.2.10p ) and for the spin four case we had two terms 
constructed from the spin four generalization of the Ricci scalar (see (I4.2.26P ). 
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Now we will see that the generalization of the Ricci scalar for a higher spin field 
namely the trace of Fronsdal's operator (14.2.51) (see [25j,[32j) is the only gauge 
invariant combination of two derivatives and a higher spin field which we need 
to construct the Weyl invariant action (14.2. 54p starting from (14.2.461) . We will 
use the following strategy for solving our problem: We apply transformation 
(I4.2.5ip -( l4.2.53p to ( I4.2.46P and try to compensate it with the variation of 

e/2 



Y,Sf m \<PM 2m) ), where 



m=l 



= \Y,& I ^v^V, 2m+ ,..V At< _ 2 r^-^-V m ...V Atm 0V /lm+1 ...V, 2m (4.2.55) 

introducing necessarily gauge and Weyl transformations for lower spin gauge fields 
^^mi...^ = 2m(2m - l)C^a^ 2 ^ m ~ 2 g^^\ m = 1, t/2, (4.2.56) 

" = 1. (4.2.57) 



a 



In other words we solve the equation 



1/2 



s=l 



8=1 



which consists of a system of t + 1 equations for [1/2 + l)(^/2 + 2)/2 dependent 
variables 



A,, 

C7, m = l,2,...,£/2, 

&, n = 0,l,...s-l; 8 = 1,..., e/2. 



(4.2.59) 
(4.2.60) 
(4.2.61) 



but when we find $ 2 k we also find £f s k for any s > k. In other words we find 
a whole diagonal of this triangle matrix 





r<2 






¥ ■ 


p£/2-2 

■ Q 


Q-2 




pl/2-2 
■ Q-2 




a 





c 



(4.2.62) 
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which helps us to solve the whole system. We have two equations for any column 
of this matrix besides the last, for which we have one equation for A. We start 
from the last column and go to the left. When we take any column and two 
equations for that column of variables, we have only two variables to find if we 
already solved all columns to the right of that one (it is easy to see that the 
first two rows of (14.2. 62p are all we need to find out. The second row gives the 
solution for any spin £. £-s in lower rows are just particular case and can be 
determined by putting concrete spin value in a general solution, which means 
that the independent variables are only first two rows of the (I4.2.62p and the 
number of variables in these two rows is £ + 1, just as much as equations we have. 
This right-to-left method can be used only due to the fact that we solve system for 
general spin case. This is a deductive method which we use. Another approach is 
an inductive method - one could solve equations for concrete cases of spin 2,4,6... 
and obtaining all rows lower than second, and therefore whole Weyl invariant 
Lagrangian for lower spins, solve first two rows. Of course this is impossible for 
general spin £). That means that our system has a unique solution. Placing all 
complicated Weyl variations of (I4.2.58P into the Appendix E, we present here the 
resulting system of equations for the unknown variables (14 . 2 . 5 9 [) - (14 . 2 . 6 1 [) : 

A, = 1 - y (4.2.63) 

( ~ 1)f/2 (A, - - (D + 2£ - 5)^ /2 ~ 1 = (4.2.64) 



2 v 2 

112 



■l) m CT+ J2 mC ^ s = 0, (m = l,...,£/2-l) (4.2.65) 



s=m+l 



2 

e/2 



(m - \)Cf - CP(D + 4m - 5)£ 



m— 1 
2m 



+\ E Ct[-m(m-l)& s -(2s-2m + 2)(D + 2s + 2m-5)e 2 



2 

s=m+l 



m-li = o 



(m = l,...,£/2- 1) (4.2.66) 
The solution of this system is universal Ai = A = 1 — -j and 

r = ( ~ 1)m ( i/2 ) (f +™-%»-" (4 2 67) 



-l) m f£/2\ (f+m-% 



iT 2^{£/2) [m) {S±^l + m - 1) ( l±bS) 



2 1 -^/i/2—m 

m-l) (£=± + 2m) m . 



These expressions completely fix (14.2.5511 and therefore the full Weyl invariant 
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action (14.2.541) . and also determine the transformation law for the whole tower of 
higher spin gauge fields f)4.2.56p PI 



"It is easy to see from formula (E.4) that we get also a redefinition of the gauge parameters 
for all lower even spin fields which in the spin 4 case coincides with formula (|4.2.32p . 



Chapter 5 



Cubic Interactions of HSF 



5.1 Off-Shell construction of some Higher Spin 
gauge field cubic interactions 

5.1.1 Exercises on spin one field couplings with the higher 
spin gauge fields 

We start this section constructing the well known interaction of the electro- 
magnetic field in flat D dimensional space-time with the linearized spin two 
field. Hereby we illustrate how Noether's procedure regulates the relation be- 
tween gauge symmetries of different spin fields. The standard free Lagrangian of 
the electromagnetic field is 

Co = -~ V" = - X ~d il A v d»A v + \{dA)\ (5.1.1) 
F ia , = d li A v -d v A„ dA = d fl A». (5.1.2) 

To construct the interaction we propose a possible form for the action of the spin 
two linearized gauge symmetry 

5° £ h^ u (x) = 2d^e u \x) = d»e v {x) + (5.1.3) 

on the spin one gauge field A p (x). Then Noether's procedure fixes this coupling 
(1-1-2 interaction) of the electromagnetic field with linearized gravity correcting 
when necessary the proposed transformation. 

We start from the following general ansatz for a gauge variation of A^ with 
respect to a spin 2 gauge transformation with vector parameter e p 

5 x e Ap = -e"d p A^ + Ce p d^A p . (5.1.4) 

Then we apply this variation (15. 1.4j) to ( 15.1.1]) and after some algebra neglecting 
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total derivatives we obtain^ 

8\Co = d^e u) d»A p d v A p -^e {l) d^A v d»A u + ]^e m {dAf + Cd^s u) d p A^d p A v 

- 2Cd^^d p A 0i d v) A" + ^e (l) d,A u d v A p - je {1) (dA) 2 

+ {C -l){dA)& 1 e v d v A lx . (5.1.5) 

Then we have to compensate (or integrate) this variation using the gauge varia- 
tion of the spin 2 field f l5X3|) and its trace S^hf" = 2£(i) . We see immediately 
that the last line in (15.1.51) is irrelevant but can be dropped by choice of the free 
constant C = 1. With this choice we have instead of (I5.1.4p 

6lA„ = -e p d p A p + e p d p A p = e p F pp , (5.1.6) 

so that our spin two transformation now is manifestly gauge invariant with respect 
to the spin one gauge invariance 

5° a A p = d p a, (5.1.7) 

and our spin one gauge invariant free action (15.1.11) keeps this property also after 
spin two gauge variation. Namely (15.1.51) now can be written as 

6lCo = d^F pp F/ - l £{1) F pu F p \ (5.1.8) 
This variation can be compensated introducing the following 2-1-1 interaction 

= \h m »^l (5.1.9) 

where 

*g) = " V/ + \g»»F pa F<>°, (5.1.10) 

is the well known energy-momentum tensor for the electromagnetic field. 
Thus we solved Noether's equation 

5 1 £ £ (A p ) + 5° £ £ 1 (A p ,h$) = (5.1.11) 

in this approximation completely, defining a first order transformation and inter- 
action term at the same time. Finally note that the corrected Noether's procedure 
spin two transformation of the spin one field (I5.1.6P can be written as a combi- 
nation of the usual reparametrization for the contravariant vector A p (x) (non 



"Using the same conventions as in previous Chapter (see (14.2. 16\i ). 
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invariant with respect to (15. 1.7ft ) and spin one gauge transformation with the 
special field dependent choice of the parameter a(x) = e p (x)A p (x) 

5\Ap = e p F pp = -e p d p A p - d^Ap + d p (e p (x)A p (x)) , (5.1.12) 

A symmetry algebra of these transformations can be understood from commuta- 
tor 

[*J, 5]}A p {x) = S^A^x) + d p (e p V x F pX (x)) (5.1.13) 
[77, e] x = r] p d p e x - e p d p 7] x (5.1.14) 

So we see that algebra of transformations (I5.1.12p close on field dependent gauge 
transformation (15.1. 7j) . 

Now we turn to the first nontrivial case of the vector field interaction with a 
spin four gauge field with the following zero order spin four gauge variation 

5 e V A<T = Ad {p e pXa) , 5° e h p pXa = 2e x ? y (5.1.15) 

where we have a symmetric and traceless gauge parameter e^ vX to construct a 
gauge variation for A p . According to the previous lesson we start from a spin 
one gauge invariant ansatz for the spin four transformation of A p field 

5\A p = t pXcr d p d x F pa . (5.1.16) 

Thus we have now the following variation of £ 

5\C = 5l(~F pu Fn = (5]A u )d p F^ = -d^d p d x F v<T )F^ . (5.1.17) 

After some algebra, again neglecting total derivatives and using the Bianchi 
identity for F pv 

d p F vX + d v F Xp + d x F pu = 0, (5.1.18) 
and taking into account the important relation 

- d p e pX(7 d p F^d x F uu = -d^e px ^d {p F^d x F a> + F pX d p F ua 

- l -d^ pXa d x F av d p F pp - l -e x ^F pp d"F vai (5.1.19) 

we arrive at the following form of the variation convenient for our analysis 

8l£ = -d^e<> x ^d {p F»d x F a)v + - A , x ^F pX d p F ua + ^d x F pu d a F^ 

- d x (e x ^F p(T )d u F^ - ^dPF^VF,,, - l -d p e vX °d x F ap d p F pv 

+ fr&F^FS - ]e {3) F pu F p \ (5.1.20) 
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Returning to the gauge variation of the spin four field (15. 1.15ft we notice that 
all terms in the first line of (15. 1 . 2Q[) and the first two terms in the second line 
can be integrated to the interaction terms. The last term in the second line is 
proportional to the free field equations but is not integrable, so we can cancel this 
term only by changing the initial variation of A^ (I5.1.16p . The modified form of 
(15XTB]) is 

5\A, = e^dpdxF^ + ^dfyx*d x F°o. (5.1.21) 

Therefore 

£i = \h^ pX °d ip F^d x F a) „ - hif<> x °d v F^F V(J - hf^dxF^F^ 
+ d x {^hf pX °F^)d v F^ + \hf pX °d»F pX d u F va 

- h^F^F/ + hifPP^. (5.1.22) 

But the two terms in the second line are proportional to the equation of 
motion for the initial Lagrangian ( I5.1.ip . hence they are not physical and can be 
removed by the following field redefinition 

A^A»- d x (h a aX °F pa ) - h^ a dpF^. (5.1.23) 

So we can drop the second line of (I5.1.22p . 

Another novelty in comparison with the previous case is the third line of 
(I5.1.20p . Comparing with (I5.1.8P we see that we can integrate these two terms 
introducing an additional spin two field coupling and compensate the first and 
third line introducing the following linearized Lagrangian for the coupling of the 
electromagnetic field to the spin four and spin two fields 

h^^) = \h^™^l a p + l hi2)tlV ^l (5-1-24) 
where the current W P u is the same energy-momentum tensor ( 15.1.9P and 

= V/W, - \g^d x F a ^F m - l -g { , u d a F^d 0) F ap . (5.1.25) 
The whole lagrangian 

£ (AJ + /i< 4 W), (5.1.26) 

is invariant with respect to the spin one gauge transformations and the following 
higher spin transformations 

8 x Ap = e^dpdxF^ + ^dfy Xa d x F^ } 

S O h (4)^ a = 4d (n e uaP)^ § O h v*0 = 2e afl 

5 o h (2)»u = 2d^e%, Phf* = 2e (3) . (5.1.27) 



CHAPTER 5. CUBIC INTERACTIONS OF HSF 



62 



Therefore we proved that like the previously investigated scalar-higher spin cou- 
pling case (previous Chapter), the interaction with the spin four gauge field leads 
to the additional interaction with the lower even spin two field. Following [31] 
we review here also vector field coupling to the general HS field. We start from 
following gauge variation 

5\A, = ef ~ w - 1 V w ...V w _ a F w _ l/l . (5.1.28) 

^From very long and tedious calculations we get 



^° - E C ™ i 1 )(-v ( ^eS:- r i) ^ i ...^(^)) 

m=l ^ ' 

E ( 7T7, — 1 ) m ^C™+i" , ^2'»-2^ 1 ' e ?(!-L)/ 1 ^i-^Cm-i^ m )^«^ 
m=l ^ ' 

m ,n _ _ , x _ 1 
iV^ 1 \ l m M_ _Y7 V7 / A»i-M2m-3 V7 V7 V7^p \Y7 p«M 

I 777,- 1 / 2m ^ 2m - 3 ^('-2m+l)^ v Mi"- v Mm-2 v r v i i m -x)^a r 

/£ _ 777 _ A TO _1 

_ E 777 — 1 J / — 2m + l^^ m '''^^ 2m - 2 ^ e ^-2m+l)^Mi---'^A t m-2-^m-lM)Va-F M , (5.1.29) 



m=l 

where 



777 1 



2 

+ T ^ 1 ^V At3 -V^ +1 F^V /im+2 ...V M2m F p(T ) (5.1.30) 

and we admitted symmetrization for the set fii . . . \i% m of indices. This means 
that when we change our initial variation ( 15.1. 28p to 

A 1 A — c^ 1 — Y7 p 

-^'nSA^*^ ( 5 - L31 ) 

m=l ^ ' 

and also take into account appropriate field redefinition 



/«_ _i\ _ 1 

M M I 777 — 1 / 2m Mm " ^ 2m ~ 3 ^ ^(!-2m+l)/i v Mi" ' v Mm-2 v r vp mh - X ) v 

m=l ^ ' 

/£ _ 7^ _ \\ 777 _ 1 

777 — 1 ) / — 2m + l^ m '''^ M2m - 2 ( e ^-2m+ 1)^ ^i---^ ^ m -2^ m -l^)^ (5.1.32) 
m=l ^ ' 



CHAPTER 5. CUBIC INTERACTIONS OF HSF 



63 



we can see that the gauge invariant Lagrangian for interaction of electromagnetic 
field with the higher even spin i field is 



1/2 

a(4^U (4) .--.,* w ) = E^^ (2m)m ''' M2m ^£ m .U(^)- ( 5 - L33 ) 

m=l 

This result is similar to the scalar case investigated in the section 14.21 The 
same tower of even spin gauge fields appear when we construct gauge invariant 
interaction with higher spin fields. The generalization to the non-Abelian charged 
vector (Yang-Mills) fields is trivial. In scalar case we went further and constructed 
Weyl invariant lagrangian. The Weyl invariance can't be generalized for spin one 
case. That is the price for spin one manifest gauge invariance (in all interactions 
vector field is represented by it's curvature F^). Here we wanted to mention that 
AdSn corrections to (I5.1.30P have following basic properties. As in the scalar case 
there are no 1/L 4 or higher corrections. The 1/L 2 term is proportional to £ — 2. 
As a result, for 1-1-2 interaction we don't have any difference between interaction 
in the flat space and AdS. 



5.1.2 Generalization to the 2-2-4 and 2-2-6 interactions 

In this section we turn to the spin two field as a lower spin field in the con- 
struction of the higher spin gauge invariant interactions with spin 4 and spin 6 
gauge potentials. And again we want to keep manifest the lower spin two gauge 
invariance. 

So proceeding similarly as in the previous section we start from the free spin 
two Pauli-Fierz Lagrangian [2] 

£o(/$) = \d»h%d»h^ - d a h^%hf" + d^dph^ - \d^&>hf p , 

(5.1.34) 

and try to solve the following Noether's equation 

PMh®) + FMhjjS, h^ x n = 0. (5.1.35) 

For this purpose we introduce the following starting ansatz for the spin four 
transformation of the spin two field 

8\hf$ = e^d p T x ^ u , (5.1.36) 

where Y\ a ^ u is the spin two gauge invariant symmetrized linearized Riemann 
curvature 

J- a/3, p,v T,\Rolh^v + Rpn,ocv) > (5.1.37) 

T iaMu = 0, (5.1.38) 
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introduced by de Witt and Freedman for higher spin gauge fields together with 
the higher spin generalization of the Christoffel symbols [27J. This symmetrized 
curvature is more convenient for the construction of an interaction with symmet- 
ric tensors. The corresponding Ricci tensor (Fronsdal operator for higher spin 
generalization) and scalar can be defined in the usual manner using traces 

^ = W = - 2^/^ + dudji®", (5.1.39) 
jr = jtm = 2 (nh^ - d^d v h^ u ). (5.1.40) 

In terms of these objects the Bianchi identities can be written as 

d\^fiv,aP = dfaT t,)A, a /9 + d(a^i3)\,nv, (5.1.41) 

dxJ 7 *? = + 9( Q J>) A) (5.1.42) 

d x JFx^ = \d^. (5.1.43) 



Then a variation of ( 15. 1 .34j) with respect to (15. 1.36ft is 



5l£o(h$) = ^5lh$ = -(J»» - \g^7)e^d p Y Xa ^ v . (5.1.44) 

To integrate it and solve the equation (15. 1.35ft we submit to the following strategy: 

1) First we perform a partial integration and use the Bianchi identity (15.1.42ft 
to lift the variation to a curvature square term. 

2) Then we make a partial integration again and rearrange indices using 
(15.1.38ft and (15.1.41ft to extract an integrable part. 

3) Symmetrizing expressions in this way we classify terms as 

• integrable 

• integrable and subjected to field redefinition (proportional to the free field 
equation of motion) 

• non integrable but reducible by deformation of the initial ansatz for the 
gauge transformation (again proportional to the free field equation of mo- 
tion) 

Then if no other terms remain we can construct our interaction together with 
the corrected first order transformation. Following this strategy after some fight 
with formulas we obtain the following expression 

~ e {l)~^W*P 77(2) + ® Pe a V ~^ Pp-.V ( 2 ) ' (5.1.45) 
° " a/3 °h a p 



CHAPTER 5. CUBIC INTERACTIONS OF HSF 65 



where 

(T)a/3fiu x (a/3, V-v),pa ^ 

= ^ w) ~ 9{ a pF^F 'v)a = - (2)^/3^ w) + y^TTT^F "V' ( 5 - L47 ) 



2 

*Ct)q^ = r M, P<Tr ^),p^ ~ ^^(a/9r/' <TA r i/)Pj(TA , (5.1.46) 



x p 2 

-Ta^^r-g^T. (5.1.48) 



So we see immediately that in ( 15. 1.45ft only the last term of the second line is not 
integrable but proportional to the equation of motion and can be dropped by the 
correction to the initial gauge transformation (15.1.36ft . On the other hand taking 
into account (15.1.15ft and ( 15. 1.46ft - (I5. 1.48ft we can compensate ^fL and the first 
term in the second line of (15.1.45ft by the following field redefinition 

-> h$ - \h^T^ u - \h^T aX + \h^%T v)x . (5.1.49) 
Thus after field redefinition we arrive at the 4-2-2 gauge invariant interaction 

£,i(h {2) /i (4) ) - I/iW^MiV 4 ) (h(2)\ 

= ^ (4) *T a ^ ff r K ^ - h^T^ x T^ aX , (5.1.50) 

with the following gauge transformations 

8 e h$ = e^d p T Xa ^ u - d p e Xa{ ^ M , (5.1.51) 
S o h (4)wXa = ^ eP Xa)^ s° £ h p 4)pXa = 2e x ^. (5.1.52) 

Now in possession of knowledge about the 2-2-4 interaction we start to con- 
struct the most nontrivial interaction in this section between spin 2 and spin 6 
gauge fields. We would like to check the appearance of the 2-2-4 coupling during 
the construction of 2-2-6 which we expect from the analogy with the scalar case 
considered in US] an d the 1-1-4 case considered in the previous subsection. 
To proceed we have to solve the following Noether's equation 

&Co(>® + 5° £ £i(h$, h% paS ) = 0, (5.1.53) 

with a starting ansatz for the spin 6 first order gauge transformation for the spin 
2 field: 

5\h$(x) = e a ^(x)d a d^d p T Xa ^(x) 1 (5.1.54) 
and the standard zero order gauge transformation for the spin 6 gauge field 

S h (6)^aPap = Qd(^ e Ua ^ p \x), (5.1.55) 

jo h (*)rt>*P = 2e g»p (5.1.56) 
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First of all we have to transform the variation 



2)> 

[IV ) 



- Ig^^e^d^dpT^, (5.1.57) 



into a form convenient for integration. Following the same strategy as before 
in the 2-2-4 case, using many times partial integration and Bianchi identities 
f)5.1.38p . f l5.1.4ip -f l5.1.43p . we obtain after tedious but straightforward calcula- 
tions 

£l£ ^(2h = Q(a ^Ap)^(6) _ Q(a /3^)^(4) 

°e'~'VV b pv) u t * (T)a/3/^Ap U t ^ (T)apiiv 



where 



-R^(T T) 

±L int\ 1 ' i J ) „, (2) ' 



5h 



a/3 



Sh 



(6) 



(4) 



p per p _ p p,<rAp 

1 (a/3, L iw),pa 1 f)p>o-Aj 



(5.1.58) 



(5.1.59) 

(5.1.60) 



and i?^(r, J 7 )-^)- are remaining integrable terms proportional to the equation 



5/< 



of motion. Indeed the symmetric tensor R^ t (T, J 7 ) is expressed through the only 
integrable combinations of derivatives of gauge parameter 



1 — a/3pv — f 



:9 A 



Aa/3(prj t-i/) 



-(2) 

}A aP/iv. 



+ g£(i) OaUp-r + CT C^-j y- a/ 3 + -C 6 m <J\j a 



+ -□£(!) - -0> e (1) 0» A > Q 



'(1) 

1 a(M 77^) 
2 e (3) ^a • 

(5.1.61) 



Substituting into this expression 

d (X e al35pu) with l h (f>)*aP6p, ^ d&ffi with I/l( 4 )^, 

and correspondingly 2e?/! Atiy and 2e?£ with their traces, we define a field redefini- 



tion for 

h (2)„u ^ h (2)„u + i^( F , JF fcW /.W), (5.1.62) 

using which we can drop the third line in ( I5.1.58p . The second line in (15.1.581) 
can be cancelled by the following deformation of the initial ansatz for the trans- 
formation (I5.1.54p 



8\h% = e^dMr^ - -dV x °d x d a r 



~-d p d 



A pva • 



;,,.,„< -r -tr u '€ a/3 r ' J d c T p x jllv . (5.1.63) 
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Thus we arrive at the promised result that the 2-2-6 interaction automatically 
includes also the 2-2-4 interaction constructed above, and the corresponding tri- 
linear interaction Lagrangian is 



^^^q^^Sq^^ + I^W^r^r^ - l -h^T^T up ^. (5.1.64) 

This formula together with the corrected gauge transformation (I5.1.63P solves 
completely Noether's equation (I5.1.53p . 

5.1.3 2s-s-s interaction Lagrangian 

Now we turn to the generalization of the Noether procedure of the 2-2-4 case 
to the general s-s-2s interaction construction. So we must propose a first order 
variation of the spin s field with respect to a spin 2s gauge transformation. Re- 
membering that Fronsdal's higher spin gauge potential is double traceless, we 
must make sure that the same holds for the variation. Expanding the general 
variation in powers of a 2 

5h {s \a) = 5h { ^(a) + a 2 5h^ s - 2 \a) + (a 2 ) 2 5h^(a) + . . . , (5.1.65) 

we see that the double tracelessness condition n 2 8h^ s \a) = expresses the third 
and higher terms of the expansion (15.1.651) through the first two free parame- 
ters 5h$(a) and 5h^ (ajj /,From the other hand Fronsdal's tensor is double 
traceless by definition and therefore all these 0(a A ) terms are unimportant be- 
cause they do not contribute to (12. 1 . 39H . This leaves us freedom in the choice of 
£/?,( s - 2 )(a). Substituting (15.1.651) in (12.1 .39j) we discover that the following choice 
of 5h^ s - 2 \a) 

5h^ s - 2 \a) = -D a 6h^\(a), (5.1.66) 

v ; 2(£> + 2s-2) W v ; v ; 

reduces our variation (12. 1 .39j) to 

6 {1) C (h^(a)) = -J*'\a) * a 6h$(a). (5.1.67) 



^For completeness we present here the solution for 8tv- s 4 ^(a) following from the double 
tracelessness condition 

Sh^ s - 4 \a) = \alSh ( ( %)+A ai a a Sh^- 2 \a) 
a k = D + 2s- (4 + 2fc), fee {1,2}. 
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Then we propose the following spin 2s transformation of the spin s potential 



Sh\'2(a) =U(b,a,2,s)e 2s - 1 (z;b) * b T {s \z;b,a), (5.1.68) 



where 

W(6,a,2, S ) = 7 ^ j n 

1 '' k=2 

is operator dual to 



(Vd b )-^(ad b )(Vd a ) 



(5.1.69) 



[(6V) - i(aV)(W a )M6,o,3, a ) = f[[(bV) - i(oV)(&0.)], (5.1.70) 



fc=2 



with respect to the * aj b contraction product. Taking into account (12. 1 .3Uj) and 
Bianchi identities ( 12.1. 36p we get 

8 {1) C {h^(a)) = e 2s -\z; b) H T^(z; b, a) * a [(6V) - ~{aV){bd a )]U(b, a, 3, s)F 



2 

, ,W 

s(s-l) 7 2 



z: a 



*-\z; b) H T^\z- b, a) * a — -I— [(6V) - UaV)(bd a )p b T^{z; b, a) 



e 2s 



\z- b) * b T (s \z; b, a) * a -(Vd b )T (s \z- b, a) 

s 

= _( &V )e 2s - 1 (6) H^ s) (b,a) *«rW(6,o) - e 2 *" 1 ^) * b V„rW(6,a) * a ^d^ s \b,a). (5.1.71) 

Then using a secondary Bianchi identity (I2.1.35P and a primary one (12. 1. 15j) one 
can show that 

-e 2s ~\b) H V^ s \b,a) * a i^r«(6,o) 
1 



2s(s + l)(2s-l) 



(Vd b )e 2s -\b) * b &'\b,a) * a d^ s \b,a). (5.1.72) 



Putting all together we see that the integrated first order interaction Lagrangian 
(with generalized Bell- Robinson current [ID] ) 

C 1 (h^\a),h^\b)) = j-h^\z ] b) H ^ s ) \z-,b), (5.1.73) 
*g } (z;6) = rW(6,o) * a ^ s \b,a) - __^_aJrW(6,o) * a d^ s \b,a). (5.1.74) 

supplemented with transformation (I5.1.68P for (a) and the standard zero order 
for h^ s \a) 

5 h {2s \z; b) = 2s(bV)e {2s - 1 \z; 6), (5.1.75) 
5 a b h (2s \z; b) = 4s(Vd b )e( 2s - 1 )(z; b), (5.1.76) 
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completely solves Noether's equation 

5 (1) £ (/* (s) (a)) + S Cx(h^(a), h^ 2s \b)) = 0. (5.1.77) 

Note that here just as in the 2-2-4 case we did not obtain an interaction with 
lower spins because all derivatives included in the ansatz were used for the lifting 
to the second curvature. 

5.2 Cubic selfinteraction for Higher Spin gauge 
fields 

5.2.1 Higher spin gauge field selfinteraction: The Noether's 
procedure 

Here we present again Fronsdal's Lagrangian 

C (h^(a)) = ~h^(a) *a^ (s) («) + a , 1 ^ n ah {s) (a) * a n a J*'\a), (5.2.1) 
2 8s(s — 1) 

where T^ s \z\ a) is the so-called Fronsdal tensor 

Ji'\z; a) = Dh^{z; a) - s(aW)D^(z; a), (5.2.2) 

and D^ s ~ 1 \z;a) is the so-called de Donder tensor or traceless divergence of the 
higher spin gauge field 

D^- 1 \z; a) = Divh {s - l \z; a) - ^p-(aV)Trh {s - 2) {z; a), (5.2.3) 

a) = 0. (5.2.4) 

The initial gauge variation of a spin s field that is of field order zero is 

5 {0) h {s \z; a) = s{aV)e is - 1 \z; a), (5.2.5) 

with the traceless gauge parameter 

□ a e( s - 1 )(^;a) = 0, (5.2.6) 

for the by definition double traceless gauge field 

nlh^(z;a) = 0. (5.2.7) 

Therefore on this level we can see from ( I5.2.5P and (I5.2.6P that a correct gener- 
alization of the Lorentz gauge condition in the case of s > 2 could be only the 
so-called de Donder gauge condition 

D('- 1 \z;a) = 0. (5.2.8) 
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The equation of motion following from ( 15.2. ip is 

5C (h^(a)) = -(F {s \a) - ^□ a jT(*)( a )) * a 5h^(a), (5.2.9) 



and zero order gauge invariance (when 6h^(a) = 5 {0) h ( - s \a)) can be checked by 
substitution of ( I5.2.5P into this variation and use of the duality relation (I2.1.8P 
and identity ( I2.1.37P taking into account tracelessness of the gauge parameter 
(I5X6|) . 

Now we turn to the formulation of Noether's general procedure for construct- 
ing the spin s cubic selfmteraction. Similar to [40J Noether's equation in this case 
looks likS 

5 {1) C (h^(a)) + 5cA(/i (s) (a)) = 0, (5.2.10) 

where Ci(h^(a)) is a cubic interaction Lagrangian and S^h^(a) is a gauge 
transformation that is of first order in the gauge field. Actually equation (15.2. 10p 
just expresses in the cubic order on the field the general gauge invariance 



SC(h^ s \a)) = 5 £f£l { ™ *a Sh^ s \a) = 0, (5.2.11) 



where 



£(/i (s) (a)) = C (h^\a)) + C 1 (h (s \a)) + ..., (5.2.12) 
8h {s \a) = 5 {0) h^{a) + 5 {1) h^{a) + .... (5.2.13) 

Combining (I5.2.9P and ( 15.2. 101) we obtain the following functional Noether's equa- 
tion 

5 (0) £i(/i (s) (a)) = (F {s) (a) - ^ n a ^(a)) * a 5 {l) h^(a), (5.2.14) 

and we would like to present in this section the solution of the latter equation for 
the case s = 4 and propose a generalization for any even s. 

First we investigate a first order variation of the spin s gauge transformation. 
Remembering that Fronsdal's higher spin gauge potential has scaling dimension 
A s = s — 2 (zero for the s = 2 graviton case) and ascribing the same dimensions 
to the free part of the Lagrangian that is quadratic in the fields and derivatives 
£ (h( s \a)) and to the interaction C 1 (h^(a)) cubic in the fields, we arrive at the 
idea that the number of derivatives in the interaction should be s. This type of 
interacting theories will behave in the same way as gravity. Then we can easily 
conclude from (15.2.101) that the number of derivatives in the first order variation 
(a) should be s — 1. For s = 2 this consideration is of course in full 
agrement with the linearized expansion of the Einstein-Hilbert action. 



■i-From now on we will admit integration everywhere where it is necessary (we work with a 
Lagrangian as with an action) and therefore we will neglect all d dimensional space-time total 
derivatives when making a partial integration. 
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The next observation is connected with double tracelessness of Fronsdal's 
higher spin gauge potential. This means that we must make sure that the same 
holds for the variation. Expanding the general variation in powers of a 2 

6 {1) h (s \a) = 5 {l) U s \a) + a 2 5 {l) h is - 2) (a) + (a 2 ) 2 5h {s ^\a) + . . . , (5.2.15) 

we see that the double tracelessness condition U 2 a 5lS s \a) = expresses the third 
and higher terms of the expansion (15. 2.15p through the first two free parameters 
Sn^h^(a) and 5^h^ s ~ 2 \a]^. ^From the other hand Fronsdal's tensor (and the 
r.h.s of (15.2. 14ft ) is double traceless by definition and therefore all these 0(a 4 ) 
terms are unimportant because they do not contribute to (15.2. 14j) . This leaves 
us freedom in the choice of initial 5mh^ s ~ 2 '(a). Using this freedom we can shift 
the initial first order variation in the following way 

5 {1) h^(a) =► 6 {1) h^(a) + 2{D f 2s _ 2) u a5h^{a), (5.2.16) 

and discover that (15.2.141) reduces to 

5 (0) A(^ (s) («)) = ^ (s) («) *a <W$(a). (5.2.17) 

Now to solve this equation we can formulate the following strategy: 

1) First we can start from any cubic ansatz with s derivatives C\{h^(a)) 
suitable in respect to the zero order variation (I5.2.5P and variate it inserting in 
the l.h.s. of fl5.2.17|> . 

2) Then we make a partial integration and rearrange indices to extract an inte- 
grable part due to terms proportional to Fronsdal's tensor J r ^ s \a) (or TrJ r ^ s \a)) 
in agreement with the r.h.s. of (15.2.171) . 

3) Symmetrizing expressions in this way we classify terms as 

• integrable 

• integrable and subjected to field redefinition (proportional to Fronsdal's 
tensor) 

• non integrable but reducible by deformation of the initial ansatz for the 
gauge transformation (again proportional to Fronsdal's tensor) 



§For completeness we present here the solution for 5h^ s 4 '(a) following from the double 
tracelessness condition 

Sh^ia) = -— L- \a 2 a 5h\%) +4 ai n a 5h( s -V(a) 
8aia2 L y ' 

a k = D + 2s~ {4 + 2k), fee {1,2}. 
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Then if no other terms remain we can construct our interaction together with 
the corrected first order transformation. Following this strategy we will consider 
the s = 2 and s = 4 cases in the next subsections in detail. The exact and 
unique results after field redefinition and partial integration that are presented 
in the next two subsections are in full agreement with the prediction for general 
even spin s. To formulate this prediction let us first introduce a classification of 
cubic monoms with s derivatives. We will call leading terms all those monoms 
without traces and divergences or equivalently without TS S ~ 2 "> = Tr : and 
.D^ 1 ), where the derivatives are contracted only with gauge fields and not with 
other derivatives. This type of terms is interesting because any partial integration 
will map such term to the terms of the same type and create one additional term 
with a divergence, which we can map to D dependent and trace dependent terms. 
Another important point of this class of monoms is that inside of this class we 
have the following important term involving the linearized Freedman-de Witt 
gauge invariant curvature [27J, 185] 

C[ nitial {h^{a)) = —h^ s \b) * b r (s) {b,a) * a hl'\a), (5.2.18) 
r«(z; b,a) = y izll!(6V) s - fc (aV) fe (69 a ) fc /i (s) (^; a). (5.2.19) 

k=0 

This term we can use (and we used it in the case s=4) as an initial ansatz for the 
solution of (I5.2.17P - Using ( 12.1.250 and 02.1.360 we see that 

5 {0) £\ nUial (h (s \a)) = -e('- 1) (z;6)(6V)/i w (o) * a * b T {s) {b, a) + 0{F {s) ). (5.2.20) 

It is easy to see from (15.2. 19j) that after variation in the r.h.s. of (I5.2.20p we get 
s+1 monoms linear on the gauge parameter e^ -1 ) (z; b) and quadratic in the gauge 
field, where some of them contain two factors (&V) of contracted derivatives. 
These terms we can separate as next level terms including the de Donder tensor 
£)(s-i)^. fry rp Q p rove fais statement we note first that due to partial integration 
there is the following simple formula: 

F^V^G^V^Hiz) = - (UF(z)G{z)H(z) - F(z)UG{z)H(z) - F(z)G{z)UH(z)) . 

(5.2.21) 

The objects F(z),G(z), H(z) in our case are proportional to (z; a) or e^ 1 ) (z; a) . 
Then using the definition of Fronsdal's operator (I5.2.2P and from (I5.2.3P and 
(15.2.51) follows the transformation rule 

d^D^iz; a) = □e (s - 1) (z; a). (5.2.22) 

This implies that we can classify all terms with contracted derivatives (i.e. terms 
with Laplacians) as monoms containing D^^^i^z; a) or d^D^^^^z; a) which 
therefore vanish in the de Donder gauge. Actually according to the r.h.s of 



CHAPTER 5. CUBIC INTERACTIONS OF HSF 



73 



( 15. 2.17ft we can during functional integration always replace any Dh^ s \a) with 
J 7 ^ (a) + s(aV) D^'^^a) obtaining a contribution to 5(i) and shifting this monom 
to the next level class comprising one more order of the de Donder tensor. 

Operating in this way we can integrate Noether's equation (15. 2.17ft (or equiv- 
alently express the r.h.s. of (I5.2.2UP as -5 {0) C c ^ bic (h^) + 0(7"^)) using the 
initial ansatz ( I5.2.20p step by step: integrating first the leading terms without 
any de Donder tensor or trace, then integrate terms involving only traces but not 
D( s ~ l \z\ a). That is the solution in de Donder gauge. After that we can continue 
the integration and obtain terms linear on D^ s ~ l \z] a) , quadratic and so on. The 
procedure will be closed when we obtain a sufficient number of D( s ~^ (z; a) to stop 
the production of terms with contracted derivatives and therefore the production 
of new level terms coming from formula (15.2.211) . 

Collecting the leading terms and rearranging by partial integration derivatives 
in a cyclic way so that each derivative acting on a tensor gauge field is contracted 
with the preceding tensor we finally come to the following prediction for the 
leading terms of the interaction for a general spin s gauge field: 

£^(fcW(^)) = _l_ ( I ) [ S(z-z 1 )S(z-z 2 )S(z-z 3 ) 

[{v l d c )\v 2 d a r{v- i d b )\d a d b y{d b d c r{d c d a Y] h(a- Zl )h(b; z 2 )h{c- z 3 ), (5.2.23) 

where the relative coefficients between monoms are trinomial coefficients: 

^ S: s = a + /3 + 7. (5.2.24) 



a,/3,7/ a\/3\j\ 

Correspondingly the leading term of the first order gauge transformation should 
be 

*r** w fc*>= 5(^151 e <-<-;j, 7 )L/< 2 -^--> 

[{cV l )\V 2 d a ) a ~ l {V l d b f{d a d b )\cd b r{cd a f] e(a; z x )h{b- z 2 ). (5.2.25) 

Splitting the trinomial into two binomials we can rewrite this expression in a 
more elegant way 

s-l 



s ' k=o ^ ' 

(5.2.26) 



where 

,(*) 



7 ( y s _ 1)) (c,6; a) 



h\ *L c_i Y 

' ' Yl ^-^(cV^ibVyicdhY [(a^) a - 1 -*ef- 1 )(6)] .(5.2.27) 



1)! 
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Comparing with (15.2. 19f) we see that 

7 gU ) (c ) 6;a)=r«( C) 6;/if)(6)), (5.2.28) 

where 

h?(b) = [(ad.y-^e^ib)} , (5.2.29) 

and therefore the 7 ^,(0, b; a) coefficients inherit in the c, b index spaces all 
properties of the corresponding spin k curvature described in details in Section 
12.11 In the next two sections we show for the s = 2, 4 cases that fixing the leading 
terms by partial integration and field redefinition leads to the unique solution of 
Noether's equation (I5.2.17p . 



5.2.2 Cubic selfinteraction and Noether's procedure, the 
spin two example 

Using our general basis for the spin 2 case 

V> ( 5 - 2 - 30 ) 

= (V/i)m - (5.2.31) 
h = V\ (5.2.32) 

we can rewrite the free Fronsdal (linearized Einstein-Hilbert gravity) Lagrangian 
for the spin two gauge field in the following way: 

Co = —hriph^ - 2V (M A,)) + h(ah - 2{VD)), (5.2.33) 
(V£>) = V M D M . (5.2.34) 

This action is invariant with respect to the zero order gauge transformation 

8(<a)hp, = 2V(^e„). (5.2.35) 

According to our strategy described in the previous section we obtain the 
following cubic interaction Lagrangian 

£i(/i (2) ) = ^VaVph^hT + h^VJi^Vph^ 

-hyD)h^ - h^V^hDv, (5.2.36) 
supplemented with the Lie derivative form of the first order transformation law 

V = z P ^pKv + 2V^e p h u)p , (5.2.37) 
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and the following field redefinition leading to this minimized form of Lagrangian 

i i 

V V + |(^V ^ 2 V^p ~ 2(£> - 2) h2g ^ 1 (5.2.38) 

Note that the interaction Lagrangian in de Donder gauge 

D p = 0, (5.2.39) 

reduces to the first two leading terms of (15. 2. 36ft . This minimized form of the 
leading terms is equivalent to the expansion up to cubic terms of the Einstein- 
Hilbert action (see [40J) after partial integration and field redefinition, and is in 
full agreement with (15. 2.23ft for s = 2. 

To see the same for the first order transformation law (15.2.371) and (15.2.261) 
we note that the second term in the (15.2.371) can be written in the form involving 
the vector curvature 7$ = 2V[ Ai e„] and the additional field redefinition 

(V^e" - V p e {tl )h v)p + {V ifl e p + V p e {ll )h v)p 

= (V ( ^ - We { ,)h u)p + h° £ (h { ;h u)p ). (5.2.40) 

Consequently the first order gauge variation becomes 

V = e p V p h pu + 7 W p h u)p , (5.2.41) 
and the field redefinition (15. 2. 381) reduces to 

h pu -> V + " 2 p 1 _ 2) ^V)- (5-2-42) 

5.2.3 The cubic selfinteraction for spin four 

We start this nontrivial case by introducing the free Fronsdal's Lagrangian for 
the spin four gauge field 

C (h^) = —h^Tc^s + h^T aP , (5.2.43) 

J^a/SjS = D ^a^7<5 ~ 4 V( a DpjS) , (5.2.44) 

?<# = ?U = Uh ^ - 2(V£>U (5.2.45) 
which is invariant under 

S(o)h a ^ 5 = 4V( Q e^ 75 ), (5.2.46) 
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where we defined the de Donder tensor and the trace of the gauge field by 



D 



(V/i) a/37 - §V( Q /i 



/3 7 )> 



h 



D 



a/3 



0. 



737a ' 
h ~ 

rip - 



0. 



(5.2.47) 
(5.2.48) 
(5.2.49) 



The spin four case is much more complicated than the spin two case and 
includes all difficulties and complexities of a general spin s interaction but remains 
inside the domain of problems which one can handle analytically. To apply our 
strategy and integrate the corresponding Noether's equation completely we have 
to introduce the following table to classify terms and levels of the interaction 
Lagrangian. 



*\ 





1 


2 





hhh 


Dhh 


DDh 


1 


hhh 


hDh 


hDD 


2 


hhh 


hhD 




3 


hhh 







(5.2.50) 

This table introduces some "coordinate system" for classification of our interac- 
tion 

£1= E A l f(^ (4) ), (5-2.51) 



1,3=0,1,2,3 
i+j<3 



where 



Clf(h^) 



7 4-i 



'Dy(h {4) ) j (h (4) ) 



3-j-i 



(5.2.52) 



In this notation the leading term described in the second section is C^(h^). On 
the other hand the first column of table (15. 2.50f) is nothing else but the interaction 
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Lagrangian in de Donder gauge D a ^ = and can be expressed as a sum 

^(^ (4) ) = E £ o?(^ (4) )- (5-2.53) 

3=0 

Integrating Noether's equation step by step (cell by cell in means of (15.2.5QP ) 
starting from the initial curvature ansatz (15.2. 18[) . we obtain after very long and 
tedious calculations the following cubic interaction Lagrangian: 



8 

4 

+^^ l/ h aM& h^ x "WN x h w ^ (5.2.54) 



+-V p h a ^ 5 V a V u h^ x ^h puXp 



+-h^h\ M V^ v {WVh), (5.2.55) 



-3V li h afhS V v V*h f *V s h lu „ (5.2.56) 



C* (4) ) = lv^Ji ap V a h» x V r h\ - jV^V^VVfc), (5.2.57) 



C^(h^) = 3V a V u D Xp ^ 5 V^h s vXp + \wD a ^h a ^ 5 V x h pm5 
-2V 5 D uXp V u h aM5 V x h pa ^ - ^{VDT^K^h^ 
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3 - „,r . _ \ 3 . 



7<5p 



+||v^V p / Mi , A V A J D^ + S^V^VVi?^ 

-^(V^V/^V.^ - ^(VZ^/^V,/^ 
+6V^V,(V£)^ 7A V A + ^^□ J D^V 7 /i^ p 
-I^DD^V^^, (5.2 



-3Z^/^V 7 V M V A p - ZV^D^Vh^Vshw 

-|(vd)^v 7 ^v,v - jj(v£) 7 ^v 7 v 5 v 

3 Tx 3 

8 

|n(VD)^ w V, (5.2 



+ZD^V»D^V a h Plxvp + i(V J D)^ J D^V 7 / i ^ p ,(5.2 



+3h" /S (VD);(VD) Su . (5.2 



CHAPTER 5. CUBIC INTERACTIONS OF HSF 



79 



Collecting factors coming with Fronsdal's equation of motion (Fronsdal's ten- 
sor) in Noether's equation we obtain next to the free term 5(o)/i of the gauge 
transformation law for the spin four field the linear term 

+3(V a e/" - V p e a ^ )V M V^ 7 / 
+3(V a V,e„„ " - 2V a V,e /3 / + V„V p e a /) vp 
+(V Q V i flV 7 e Ml/p — 3V a V/3V M e 7I/p + 3Va,V M V;,e/3 7 p — V U V p € a p^)h s 
+ (trace terms 0(g a p)) 

= 7 ( ( £ °i7v,v,v p ^ 75 + st^./'v.v.v/ 

+ (trace terms 0(g a p)), (5.2.63) 

where we assumed symmetrization of the indices a, (3, 7, 5 and the spin four field 
redefinition 

9 1 3 - 



4 v v v . v .-ap 70 4 

3- 1-3- 
—-h^V Q V phjSfMu + 7V A1 (/i A1Q ,-D / 3 7< 5 — -h a pD 1&P ) 

o 4 z 

9 - 21 - 



3 r ... 15 



-^VaVphfh^ + —{Vh) a Vph 



+(trace terms 0(g a p)), (5.2.64) 

where symmetrization over the indices a, /3, 7, 5 is also understood. 

Finally note that we did not obtain an C l ^ er ~ (-D) 3 part of interaction (that's 
why we didn't draw corresponding cell in the first row of (I5.2.50P ) because we 
started the leading part £^ ter (15.2.541) from the curvature term and fixed in 
this way partial integration freedom. After that as it was mentioned above all 
other terms of interaction could be constructed in a unique way up to some field 
redefinition. This particular way of derivative rearrangement (including partial 
integration of all other level terms) does not lead to a (-D) 3 term as opposed 
to other ways of rearranging the derivatives by means of the partial integration 
freedom. On the other hand if we rearrange the derivatives as described in the 
subsection l5.2.1l we get leading part of the interaction C^ ter in complete agreement 
with our prediction (15.2.231) for s = 4. The same is true for the transformation 
law (15.2.63!) an d fl5.2.26h . 
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5.3 General cubic interaction s\ — S2 — S3 

5.3.1 Notations 

Here we present Pronsdal's Lagrangian: 
C (h^(a)) = -~/i (s) (a) * a ^ (s) («) + o ? 1 TT D " fe(s) («) *" ^-^V), O 5 - 3 - 1 ) 

where T^ a \z\ a) is the Fronsdal tensor 

JF^(z] a) = nh {s \z; a) - s{aV)D {s - 1) (z; a), (5.3.2) 

and D^ s ~ 1 \z; a) is the deDonder tensor or traceless divergence of the higher spin 
gauge field 

D^{z\ a) = Divh^(z; a) - ^-(aV)Trh (s - 2) (z; a), (5.3.3) 

U a D^- 1 \z-a) = 0. (5.3.4) 

The initial gauge variation of order zeroth in the spin s field is 

5 {0) h is \z; a) = s{aV)e is - 1 \z; a), (5.3.5) 

with the traceless gauge parameter for the double traceless gauge field 

□ o e("- 1 )(«;o) = 0, (5.3.6) 
Dlh^(z;a) = 0. (5.3.7) 

Therefore at this point we can see from ( I5.3.5P and (I5.3.6P that the de Donder 
gauge condition 15.2.81 is a correct generalization of the Lorentz gauge condition in 
the case of spin s > 2. Finally we note that in deDonder gauge (I5.2.8P ^^'(z; a) = 
(z; a) and the field h^ s ' decouples from it's trace in Fronsdal's Lagrangian 
f l5XTD . 

5.3.2 Noether's theorem in leading order: Trinomial co- 
efficients 

We consider three potentials h^ si '(zi; a), h^ S2 \z 2l b), h^ S3 \z 3 ; c) whose spins Sj are 
assumed to be ordered 

si > s 2 > s 3 . (5.3.1) 
For the interaction we make the cyclic ansatz 

Cf' 0) (h^\a), h^\b), h<»\c)) = C n\'Zn 3 j d Zl dz 2 dz 3 5(z 3 - Zl )5(z 2 - Zl ) 

m 

f(Q 12 , Q 23 , QsiK n 2 , n 3 )h^\ Zl ; a)h^\z 2 ; b)h^\z 3 ; c), (5.3.2) 
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where 

f(Q 12 , Q 23 , Q 3 i\n u n 2 , n 3 ) = (d a d b ) Q ^ (d b d c ) Q ™ (d c d a ) Q ^ (d a V 2 ) m (<% V 3 ) na (0 c Vi) 



(5.3.3) 



and the notation (0, 0) as a superscript means that it is an ansatz for terms with- 
out Divh^-V = (Vid a .)h^(ai) and Trh^~ 2 ^ = a . (B 1 _ 1) a a< fo (a<) (ai)- Denoting 
the number of derivatives by A we have 

n 1 +n 2 + n 3 = A. (5.3.4) 

As balance equations we have 

ni + Q12 + Q31 = si, 
n 2 + Q 23 + Q12 = s 2 , 

n 3 + Q31 + Q23 = s 3 - (5.3.5) 
These equations are solved by 

Q12 = n 3 - u 3 , 
Q 2 3 = n 1 - 1/1, 

Q31 =n 2 - v 2 . (5.3.6) 
Since the l.h.s. cannot be negative, we have 

rii > v { . (5.3.7) 

The z/j are determined to be 

Vi = 1/2(A + Si — Sj — Sk), k are all different. (5.3.8) 

These must also be nonnegative, since otherwise the natural limitation of the 

rii to nonnegative values would imply a boundary value problem which has only a 

trivial solution. It follows that the minimally possible A is expressed by Metsaev's 
(see [12] equ. (5.11)-(5.13)) formula (using the ordering of the s$). 

A min = max [si + Sj - s k ] = s 1 + s 2 - s 3 . (5.3.9) 

For example 

A min = 6 for Sl = s 2 =4, s 3 = 2. (5.3.10) 
This value and the ordering of the s, implies for the z/j 

1/1 = si - s 3 , 
z/ 2 = s 2 - S3, 

z/ 3 = 0. (5.3.11) 
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^From this result and the experience with the cubic selfinteraction for s = 4 we 
can guess that the coefficient C in the ansatz is a trinomial 

Q;S = canst ( 33 . \ (5.3.12) 
\ni — s\ + S3, n 2 — S2 + S3, n 3 / 

which entails 

ij i 

= 3/2A - 1/2 ^ s i; (5.3.13) 

i i 

and the expression (15.3.91) for A min . 

For the proof of this equation (15.3. 12p we use Noether's theorem to derive 
recursion relations which are then solved. By variation w.r.t. we obtain 

three currents whose divergences must vanish on shell. We need only do the 
explicit variation once: 

J^(z 3 ; c) = J2 C ™ 3 a / dz 1 dz 2 5(z 3 - Zl )5(z 3 - z 2 ) 

(<9 a «9 fe ) Ql2 (d b c) Q ™ (o9) Q31 (d a V 2 ) ni (d b V 3 ) n * (cVx)" 3 

h {si) ( Zl ;a)h {s2) (z2;b), (5.3.14) 

having the divergence 

{n 3 ( Vi V 3 ) (d a d b ) Q ™ (d b c) Q ^ (cd a ) Q ^ {d a V 2 r (<9 b V 3 r (cVi)" 3 " 1 
+Q23(d a d b ) Q ^(d b c) Q ^-\cd a ) Q ^(d a V 2 ) ni (d b V 3 r + \cV 1 r 

+g3l(5 a 9 fe ) Ql H^c) Q23 (c9 a ) Q -- 1 (9 a V 2 )™ 1 («9aV3)(^V3)" 2 (cV 1 )" ;i } 

h^\ Zl] a)h^(z 2 ; b)\ Zl = z 2 = z 3 . (5.3.15) 

This divergence (and the corresponding divergences of the currents J^ 1 ' 2 )) must 
vanish on shell. 

We shall develop now a recursive algorithm. First we study the terms not 
containing any deDonder expression D^ 1 ^ 1 ^, « = 1,2,3: 

£>(«-i) = -[(8^^,) - l/2{a i V i )U ai \h { - Si \z i] a i ) ) Oi = a,b,c. (5.3.16) 

Si 

We use that 

(V1V3) = 1/2[D 2 - D a - n 3 ], (5.3.17) 

and 

n t h^\z t ;a t ) = J*«)(z i ;a i ) + 8 i (a i V i )Dl'*- 1 \ (5.3.18) 
n^-^izf,^) = S^D^-V, (5.3.19) 
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where J-^ Si \zi\ tjj) is Fronsdal's gauge invariant equation of motion and can be 
dropped on shell. So the n3-term of (15.3. 15j) does not contribute to the leading 
order terms. On the other hand the Q23-term is purely leading order. The Qzx- 
term contains 

(<9 a V 3 ) = -(0aV 2 ) - (d a Vi). (5.3.20) 

Only the first term yields a leading order contribution, the next one is a divergence 
term. 

In the leading order terms we renumber the powers ri\ — > n\ + 1 in the Q23- 
term and 712 — > ri2 + 1 in the leading order Q31 term. We get 

[("I + 1 " ^)C S n X ^X,n 3 - (n 2 + 1 - ^C^'+lJ (5-3.21) 

(9 a ^)^-^(9 b c)™ 1 - 1 ' 1 (c9 a ) n2 -^(9 a V 2 ) ril+1 (9 fe V3) n2+1 (cV 1 ) n3 = 0. 

It follows that the factor in the square bracket must vanish. Two analogous 
relations follow from the two other currents. The solution of these three recursion 
relations is 

E n i ~ E v % 

:-- I'll) ! x / i 

ni ,712,713 



C^Tl = const ^ 1 ^ 1 , (5.3.22) 



which is equivalent to (15.3. 12p for A = A m j n and therefore z/ 3 = 0, and describes 
also all other A > A min cases. Comparison with ( 15 .3 .9 j) . (15.3. 13j) proves that in 
the A min case we can present the trinomial coefficient also as 

C* 1 ' 32 ^ = const f V (5.3.23) 

We see that the number of contractions between indices of our three fields Qu, Q23, Q31 
define coefficients in our interaction completely. 

Finally we want to make a remark concerning the case where two or all three 
of these fields are equal. Then we get only two or one current whose divergences 
vanish on shell. But in this case we have a symmetry which restores the result 
(15.3. 12p . (I5.3.2ip and shows that this is correct in all cases. 

5.3.3 Cubic interactions for arbitrary spins: Complete so- 
lution of the Noether's procedure 

To derive the next terms of interaction containing one deDonder expression we 
turn to the Lagrangian formulation of the task and solve Noether's equation 

3 3 
^<5 J (1) £°(/i (Sl) (a)), + ^5f ) £ / (/i (si) (a),/i {s2) (6),/i (s3) (c)) =0. (5.3.24) 

8=1 1=1 
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where 

5Ph^(a { ) = s^V.y^^O (5.3.25) 

C°(h^(a)) = -\h^\ ai ) * ai F^\ ai ) + tefa-if * 11 ™^ ** D -^ (S) ^) 

(5.3.26) 

Shifting 8^ by a trace term in the same way as in previous section we obtain the 
following functional equation: 

3 

J24 0) £i( h(si) (a), his2) ( b ), his3) ( c )) = + O(^ Si \ ai )). (5.3.27) 
i=i 

We solve this equation starting from the ansatz f)5.3.2p . (15.3.31) and integrating 
level by level in means of its dependence on deDonder tensors and traces of higher 
spin gauge fields. 

Actually we have to solve the following equation: 

C {n\T (Qijln^aW^e^-^h^h^ + h^ sl) (bW 2 )e {s2 ~ 1) h^ + h {si) h {s ' 2 \cV 3 )e {s3 - 1) } 
= + 007^(0*), D^fa), n ai h^\a t )). (5.3.28) 

Taking into account that due to (15.3.51) 

f{Q l3 \n i ){a^ i )t^' l \a i ) = [f^m), (^V,)^" 1 ^), (5.3.29) 

we see that all necessary information for the recursion can be found calculating 
these commutators 

[T(Qij\ni), (aVi)] = Q 3 \f(Q 12 , Q 23 , Q31 - n 2 , n 3 + 1) 

-QnfiQn ~ l,Q23,Q3i\n 1 ,n 2 + l,n 3 ) 
+n l f(Q 12 ,Q 23 ,Q 3l \n 1 - l,n 2 ,n 3 )(ViV 2 ) 
-Qi 2 f(Q 12 - l,g 2 3,Q3i|ni,n 2 ,n 3 )(^V 2 ), (5.3.30) 



[f(Q ij \n i ),(bV 2 )] = Qi2T{Qi 2 -l,Q23,Q3i\ni + l,n 2 ,n 3 ) 

-Q23T(Qn,Q23 ~ l,Q3i\n 1 ,n 2 ,n 3 + 1) 
+n 2 f(Q 12 , Q 23 , Q 3 i|ni, n 2 - 1, n 3 )(V 2 V 3 ) 
-Q 2 3T{Qi2, Q 2 3 - 1, Q31K, n 2 , n 3 )(d c V 3 ), (5.3.31) 

[f {Qij\ni), (cV 3 )] = Q 23 f(Q 12 ,Q 23 - 1, Q 3 i|n l3 n 2 + l,n 3 ) 

-<53i^(<5i2, Q23, Q31 - l|ni + 1, n 2 , n 3 ) 
+n 3 T(Qi 2 , Q 23 , Q 3 i\ni, n 2 , n 3 - l)(V 3 Vi) 
-Q3iT(Q 12 , Q23, Q31 - l|ni, n 2 , n 3 )(d a Vi), (5.3.32) 
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where we used relations like (15.3.181) and ( I5.3.20p . In these commutators we can 
use also the following identities 



ViV 2 = 


1 

2 




- a 2 




v 2 v 3 = 


1 

2 




- n 2 


- n 3 


V3V1 = 


1 

2 


^2 


- n 3 


-□1 



(5.3.33) 



Now we see immediately from the first two lines of (I5.3.30l) - (l5.3.32p that these 
contribute to (I5.3.27P as leading order terms and yield the same equations for the 
C^. coefficients as ( 15.3.211) 



(Q31 


' )^ni,n 2 +l.ri3 


~(Ql2 


' ) ni,n2,ri3+l 


= 0, 


(5.3.34) 


(Q12 


1 2 l °ni,n 2 ,ri3+l 


-(Q 23 


1 1 \/^S-l,S2,S3 
L ) ( - / n 1 + l,n 2 ,n 3 


= 0, 


(5.3.35) 


(Q23 


1 )^n 1 +l,n 2 ,n 3 




1 1 \r~fSl,S 2 ,S3 


= 0. 


(5.3.36) 



with the solution 05.3.221) or ( 15.3.231) . 

To find the full interaction we follow the same strategy as in the case of 
s = 4 selfinteraction and introduce the following classification for the higher 
order interaction terms in D and h = Trh : 



i,j=0, 1,2,3 
i+j<3 



where 



a)\3-j-i 



(5.3.37) 



(5.3.38) 



In this notation the leading term described in the second section is cf'^lh^). 

To integrate Noether's equation next to the leading term we have to insert 
in ( I5.3.27P the last two lines of (I5.3.30f) - (I5.3.32[) and use two important relations 
( 15.3. 18p . (15.3. 19p . Thus we arrive at the following 0(D) solution: 

df' ^ = J dzdzidz 2 dz 3 5(z 1 — z)8(z 3 — z)5(z 2 — z) 



+ 
+ 
+ 



n 

2 l - y ni,n2,n3 

2 L/ ni,n 2 ,n;; 

2 ^m,n 2 ,n;; 



f(Q ij \n l - l,n 2 ,n 3 )D^-^h^h {S3) 
« f (Qylm.nj, - l,n 3 )h^D^h^ 
%J<(Q l0 \n u n 2 ,n 3 - l)h^h^D^' 



(5.3.39) 



The detailed proof of this formula can be found in the Appendix F where we 
describe also derivations of all other terms. 
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The next 0(D 2 ) and 0(D 3 ) level Lagrangians are 
£( 2 >°) _ J c [zdzidz2dz 3 5(z 1 — z)S(z 3 — z)5(z 2 — z) 

rii 

sinis 2 n 2 



+ -^^C^ z T{ Qlj \n, ~l,n 2 - l,ns)D^-W>-»hM 

+ SJ ^C^ 3 nQ^n 2 -l,n 3 - l)^) D (- 2 -D D (-3-D] ,(5.3.40) 

and 

£( 3 >°) _ /" dzdzidz 2 dz 3 5{zi — z)5(2 3 — z)5{z 2 — z) 

Hi 

- + W2n 28l n l c ^ f , (Q _ _ ln2 _ _ 1)jM)j3(t ,- 1)!?M ) 

(5.3.41) 

The remaining terms in the Lagrangian contain at least one trace: 

£(0,1) = £(0,2) =0> (5>3>42) 
£ (0,S) = £ ^1^31 | _ ^ _ ^ _ 

[f (Q 12 - 1,Q 23 - l,Q 3 i - l\ ni ,n 2 ,n 3 )n a h^n b h^n c h^, (5.3.43) 
= Y. C n^Jdz l dz 2 dz 3 5{z 1 -z)8{z 2 -z)5{z 3 -z) 

Hi 

+ ^^T(Q 12 -l,Q 2S ,Qsi|ni,n2-l,ris)I> ( ' 1 - 1) n6/* ( ' a) /i (- » ) 
+ ^^T(g 12 ,g 23 - l,Q 3 iK n 2 ,n 3 - i)/^ 1 ^ 2 - 1 ^/^ 
+ Sj ^f^f(Q 12 ,Q 23 ,Q 31 - l|m-l, n 2 ,n 3 )n /i (si) /i (82) I> (as - 1) ], (5.3.44) 

£^ 2 ) = ^ Q~ /" d Zl dz 2 dz 3 S( Zl - z)5{z 2 - z)5{z 3 - z) 

+ glQl f 23n3 T(Q 12 - l,g 23 - l,Q 31 \n u n 2 ,n 3 - l)D^D b h^n c h^ 

o 

+ S2Q2 f 3ini f(Q 12 ,Q 23 - 1,Q 31 - IK - l,n 2 ,n 3 )D a h^D^D c h^ 

+ S3 ^ 12n2 f(g 12 - i,g 23 ,g 31 - iKn 2 - 1^)^' 1 ^^*^^-^' , 

(5.3.45) 
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4 2,1) = / 'dz 1 dz 2 dz 3 5(z 1 -z)5(z 2 -z)5(z 3 -z) 

+ S2S3Q l inin2 f(Q 12 ,Q 23 ,Q 31 -l\m- l,n 2 - l,n 3 )D a h^D^D^ 

+ SlS2Q l 3n3ni f(Q 12 ,Q 23 - l,Q 31 \m - l,n 2 ,n 3 - l)D^D^n c h^ 

+ S3SlQ l 2n2n3 f(Q 12 - l,Q 2 3,Q 31 |n l3 n 2 - l,n 3 - l)^^)^- 1 ) 

(5.3.46) 

So we integrated all cells of the following classification table corresponding to 
( 15.3.371) 








1 


2 


3 





hhh 


Dhh 


DDh 


DDD 


1 





hDh 


hDD 




2 





hhD 






3 


hhh 









(5.3.47) 

and proved that after fixing the freedom of partial integration in the leading term 
(i.e. our cyclic ansatz) all other terms of interaction can be integrated in a unique 
way when we avoid additional partial integration during recursions. 

Summarizing we see that the interaction Lagrangian in deDonder gauge D ( ' s ~ 1 \z; a) 
can be expressed as a sum 



£f (/!«) = Vrf^t 



0=0 



(5.3.48) 



and it is nothing else than the first column of this table. Therefore (I5.3.42H means 
that in deDonder gauge the traces of the HS fields decouple from the fields as they 
do in the free Lagrangian. 
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5.3.4 Discussion: Towards gauge transformations as open 
Lie algebras 

If all spins in the cubic interaction are equal s, we can derive the first order 
gauge transformation of h^ s ' from the r. h. s. of Noether's equation (I5.3.27P 
taken off shell 

[0(7) part of 
= E C n\',mZ J dz 1 dz 2 dz 3 5(z 1 - z)5(z 2 - z)5(z 3 - z) 

- ^r(Qs|m - i l fl a) n 8 )^-WW 

+ ^%^T(Q 12 - 1, Q 23 , Q 31 \nu n 2 - 1, n^e^U^h^ 

+ S3SlQ l 2n2n3 f(Q 12 - l,Q 23 ,Q 3 i|n 1; n 2 - l,n 3 - l) £ Mn^)]jM) 

+ aigi f 23W3 f(g 12 - l,g 23 - l,Q 3 iKn 2 ,n 3 - l^n^cy^) 

o 

+ f^ifCQ^Im - l,n 2 ,n 3 )e( S1 - 1 )^)^ 

+ (Q 12 - 1, g 23 , g 31 |n 1; n 2 - 1, n 3 )e^n b h^T^ 

+ '^^f(Q 12 ,Q 23 ,Q 31 \ ni - l,n 2 - l,n 3 )e^- 1 ) J D(-- 1 )^) 

- glQl f 23n3 T(g 12 - l,g 23 - l,g 3 iK,n 2) n 3 - l)e^n b h^n c 7^ 

o 

(5.3.49) 

If we assume moreover that the gauge transformations form a Lie algebra of 
power series in some "coupling constant" g, we can following along the ideas of 
Berends, Burger and Van Dam in their classical paper [16] derive conclusions on 
the higher order interactions. We sum up simple results: 

The arguments of these authors to show that such power series algebra does 
not exist for s = 3, cannot be generalized to even spins. 

For a given gauge function e' s-1 )(z; a) the gauge transformation is a substitu- 
tion (classically) with expansion 

h^h + 5 e h = h + Ve + ^2g n e n (h,h,...h;e), (5.3.50) 

n>l 

with O n depending on e linearly and on h in the n'th power. Moreover we assume 
that the commutator of two such transformations is given by 

[5 e , 5 v ]h = 5c(h;e, v )h, (5.3.51) 
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with the expansion 

C{h; e, V ) = gJ2 9 n C n (h, h, ...h; e, V ), (5.3.52) 

n>0 

where each C n depends on e and r\ linearly and on h in the n'th power. As 
substitutions gauge transformations are associative and their infinitesimals must 
satisfy the Jacobi identity. At order g 2 this is e.g. 

J2 {C 1 (V(;r ] ,e) + C (C ( Vl e) 1 O} = 0. (5.3.53) 

?7,e,Ccyclic 

The commutator can also be expanded 

+ ^ 2 {[e 1 (e 1 (/ i ;e);? 7 )-e 1 (e 1 (/ i ;? 7 );e)] 
+ [Q 2 (Ve,h ;r] )-e 2 (V V ,h;e)} 

+ [Q 2 (h,Ve;r ] )-Q 2 (h,Vr ] ;e)}} + 0(g 3 ). (5.3.54) 
Inserting this expansion into the definition of the functions C n we obtain 

S/C (r),e) = Q 1 (Ve; V )-Q 1 (Vr ] ;e), (5.3.55) 

VCi(M,f) = e 1 (e 1 (/i;e);7 7 )-e 1 (e 1 (/ i;?7 );e)-e 1 (/ i ;Co(?7,e)) 

+ 6 2 (Ve, h; 7]) - 2 (Vr / , h; e) + G 2 (h, Ve; 77) - Q 2 {h, V77; e). 

(5.3.56) 

Assume that Qi(h; e) has been extracted from (I5.3.49P for the case of equal spins 
s. Then the order of derivations in Oi is 

^9i(/i; e) = s - 1. (5.3.57) 

Inserting this result into (I5.3.53p . (I5.3.55[) we obtain the number of derivations 
in Co, C\ as 

|,C (77, e) = s - 1 and \\d(h; rj, e) = 2s - 3. (5.3.58) 

This implies 

h6 2 (M; e) = 2s - 3. (5.3.59) 

Consequently the quartic interaction must contain 2s — 2 derivatives. The argu- 
ment can be continued to still higher interactions: For n'th order interactions the 
number is (s — 2)(n — 2) + 2. This result is equivalent to introduction of a scale 
L and dimensions in the following way 



(5.3.60) 
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with a dimensionless coupling constant g, so that each term in the power series 
has the same dimension. Note that in the case of A = A m j n we obtained in the 
previous subsections of this section and in previous section the same dimensions 
for cubic selfinteractions and a free Fronsdal's action. 

In [IB] the argument was presented that for spin s = 3 a Lie algebra of gauge 
transformations in the form of power series does not exist, the problem starting 
with the second power. The argument was based on the term 

(d a V 2 ) s - l e^- 1 \z 1 ; a)h {s \z 2] 6), (5.3.61) 

which exists in 0i. Such term is present in fact for any spin, as can be inspected 
from (15.3.491) . Namely, in the fifth term of the square bracket of (I5.3.49|) (this 
is the unique localization) we get such expression for n\ = s,n 2 = n 3 = 0. In 
equation (15.3.561) in the first line we have thus 2s — 2 derivatives acting on the 
field h in either term. In no other terms of (15.3.561) such expression appears. 
Therefore they must cancel inside this line and they do cancel indeed for even 
spin only. There is in this case no obstruction of the power series algebra by these 
arguments. A deeper investigation of such algebras will follow in the future. 



Chapter 6 

Generating function of HSF 
cubic interactions 

6.1 Generating function for the Free Lagrangian 
of all higher spin gauge fields 



where we assume that the spin s field has scaling dimension s — 2, the a, vectors 
have dimension —1, and therefore all terms in the generating function for higher 
spin gauge fields f)6.1.ip have the same dimension —2. 

A zeroth order gauge transformation for this field reads as 



We introduce a generating function for HS gauge fields by 




(6.1.1) 



s=0 



5° A §(z; a) = (aV)A(z; a), 
5° A D a $(z; a) = OA(z; a), 
O a <S>(z;a) = 2(Vd a )A{z; a). 



(6.1.2) 
(6.1.3) 
(6.1.4) 



where 




s=l 



(6.1.5) 



is the generating function of the gauge parameters and is 
Fronsdal's constraint for the gauge parameter reads as 





*The gauge parameter for spin s field e s 1 ' has scaling dimension s — 1, therefore after 
contraction with s — 1 as becomes dimensionless. 
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For a spin s field gauge variation we get as expected 

5° e h {s \z- a) = s(aV)e (s " 1) (z; a), (6.1.7) 
The second Fronsdal constraint of the gauge field reads in these notations 

a) = 0, (6.1.8) 
We introduced the "de Donder" operator 

D ai = {d ai V i )-±(a i V i )n ai (6.1.9) 

This operator is " linear" in d ai . 

Here we write the quadratic Lagrangian for free higher spin gauge fields in 
general form using the generating function for HS fields (I6.1.ip . First we introduce 
Fronsdal's operator 

T ai = Di- KV^VAJ + -(^V*) 2 ^, (6.1.10) 
or with the help of (16.1.91) 

J r « i = D i -(a i V i )D ai . (6.1.11) 
The operator of the equation of motion can be written in the form 

g ai = F ai - ^o ai T ai (6.1.12) 

Now we can write the free Lagrangian for all gauge fields of any spin in a sym- 
metric elegant form 

C free (z) = ^exp[\ 2 d ai d a2 ] [ S(z 1 -z)5{z 2 -z) 

A 4 

{(ViV 2 ) - \ 2 D ai D a2 - — (ViV 2 )D ai ai)$(«2;a 2 ) k=a 2 =o (6.1.13) 

where A has scaling dimension —1, therefore A 2 compensates the dimension of the 
operator in the exponent. We will see that all relative coupling constants of HS 
interactions can be expressed as powers of A. The parameter k is a constant which 
makes the action dimensionless (analogous to Einstein's constant and simply 
connected with the latter). It has scaling dimension 6 — d, where d is the space- 
time dimension. For Einstein's constant we get 

k~ e 2 = kA 4 (6.1.14) 
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It is now obvious that in the free Lagrangian there is no mixing between gauge 
fields of different spin. It can also be written in such forms 

C free (z) = -^exp[X 2 d ai d a2 ] j 5(zi - z)(Q ai )^(z 1 ; cti)$(z; a 2 ) | ai =a 2 =o 

= -]-exp[X 2 d ai d a2 ] 8(z 2 - z)(Q a2 )^(z;ax)^(z 2 ;a 2 ) | ai =a 2 =o(6. 1.15) 

These expressions reproduce Fronsdal's Lagrangians for all gauge fields with any 
spin. 

6.2 Generating Function for Cubic Interactions 

We are going to present a very beautiful and compact form of all HS gauge 
field interactions derived in the previous chapter. First we rewrite the leading 
term of a general trilinear interaction of higher spin gauge fields with any spins 

Si, s 2 , s 3 

C l ^ din9 (h^\z),h^(z),h^\z)) 

= Yl "TflTi / S(z - zt)5(z - z 2 )5(z - z 3 ) 

/i (si) (a; z 1 )h^\b; z 2 )h {s3 \c; z 3 ), (6.2.1) 

where the number of derivatives is 

A = si + s 2 + s 3 - 2n, (6.2.2) 
< n < min(sx, s 2 , S3) (6.2.3) 

As we see, the minimal and maximal possible numbers of derivatives are 



'■mill 



s 1 + s 2 + s 3 — 2min(si,s 2l s 3 ), (6.2.4) 
A max = si + s 2 + s 3 . (6.2.5) 

The case of A m j n is important also because only in that case the interaction 
(16.2.11) has the same dimension as the lowest spin field free Lagrangian. 

These interactions trivialize only if we have two equal spin values and the 
third value is odd. This we call the £ — s — s case, where £ is odd. In that case 
we should have a multiplet of spin s fields, with at least two charges to couple to 
the spin I field. As example consider an odd spin self-interaction. In the case of 
i — l — l odd spin self interaction, the number of possible charges in the multiplet 
should be at least 3. 
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Via 


II 

< 


-v 2 


v 23 


= v 2 


-v 3 


V 3 i 


= v 3 


-Vi 



The same Lagrangian can be written in the following way (due to a constant 
normalization factor 2 A ) 

C l ^ n9 (h {si \z), h M (z), h {s3 \z)) 

[(V 12 9J S3 -^(V 2 39J Sl -^ Q (V 3 l^) S2 -^(a Q ^)^(^ c ) a (9 c 9 a )' 3 ] 

/i (si) (a; 2 1 )/ i ( S2 )(6; 2 2 )/i (s3) (c; z 3 ), (6.2.6) 

where 

(6.2.7) 
(6.2.8) 
(6.2.9) 

Now we can see that the following expression is a generating function for the 
leading term of all interactions of HS gauge fields. 

A °° = fzi, Z2 , Z3 5 ( z ~ z *) 5 ( z ~ z ^) 5 ( z ~ z s)expW 
$1(21; ai + \V 23 )<& 2 {z 2 \ a 2 + §V 3 i)$ 3 (z 3 ; a 3 + \V 12 ) | ai=a2=a3=0 (6.2.10) 

with 

W = y {(d ai d a2 )(d a3 V 12 ) + (d a2 d a3 )(d ai V 23 ) + (d a3 d ai )(d a . 2 V 31 )} (6.2.11) 
This can be written in another form 

A 00 {<S>(z)) = 5{z- z w )expW x $(z i; a x )^{z 2 - a 2 )1>{z 3 ; a 3 ) \ ai=a2=a3=0 (6.2.12) 

</ Zl,22,Z3 

where 

W = ^[(d ai d a2 )(d a3 V 12 ) + (d a2 d a3 )(d ai V 23 ) + (d a3 d ai )(d a2 V 31 )} 

+|R 3 Vi 2 ) + (<9 ai V 23 ) + (9 a2 V 3 i)], (6.2.13) 

L M ~ *ias) = L UZ2 , Z3 8{z - z 1 )S(z - z 2 )5(z - z 3 ) (6.2.14) 

for brevity. Furthermore we will always assume this integration with delta func- 
tions, without writing it explicitly. The operator in the second row of (16.2. 13j) 
is a dimensionless operator, therefore it does not need any dimensional constant 
multiplier. 

Now we can derive all other terms in the Lagrangian using the following 
important relation 

[expW, A] = ex P W[W, A] + expW[W, [W, A]] + expW[W } [W, [W, A]]] + ... (6.2.15) 



CHAPTER 6. GENERATING FUNCTION OF HSF CUBIC INTERACTIONS95 
for any operator A. And therefore 



[expW, (aiVi)] = expW[W, (aiVi)], 
[expW, (a 2 V 2 )] = expW\W, (a 2 V 2 )], 
[expW, (a 3 V 3 )] = expW[W, (a 3 V 3 )]. 



(6.2.16) 
(6.2.17) 
(6.2.18) 



The following commutators will be used many times while deriving trace and 
divergence terms 

[W, ( ai Vi)] = -^[(9 a2 V 2 )(9 a3 V 12 ) + (cl 3 V 3 )(c\ 2 V 31 )] + ^[A 2 («9 a2 <9 a3 ) + l]ViV 23 ,(6.2.19) 
[W, (a 2 V 2 )] = -^[(9 a3 V 3 )(9 ai V 23 ) + (d ai V 1 )(d as V l2 )} + ^[A 2 («9 a3 <9 ai ) + 1]V 2 V 31 ,(6.2.20) 
[W, (a 3 V 3 )] = - jK^ViX^Vai) + (0 O2 V 2 )(9 ai V 23 )] + \[^(d ai d a2 ) + 1] V 3 V 12 .(6.2.21) 



Note that 



ViV 23 

V 3 Vl 2 



□ 3 - n 2 



V 2 V 31 = □!-□,, 



□ 2 - □ 



(6.2.22) 
(6.2.23) 
(6.2.24) 

which is obvious becaus^l] 

Vi + V 2 + V 3 = 0. (6.2.25) 
We are working with the same type of diagram as in previous chapter. 








1 


2 


3 





„4 00 


A 10 


A 20 


„4 30 


1 


A 01 


A 11 


A 21 




2 


A 02 


A 12 






3 


A 03 









(6.2.26) 



^We always understand partial integrations to be performed, working with a Lagrangian as 
with an action. 
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Now we take a gauge variation of A 00 , and find generating functions for all other 
terms in the cubic Lagrangian. A simple but elegant structure is exhibited by 
the first row of the diagram 

A 10 mz)) = A 30 m z ))=0, (6.2.27) 

A 20 (<S>(z)) = ^ex P W{ +[X 2 (d ai d a2 ) + l}[X 2 (d a2 d a A + l}D a3 D ai 

+ [X 2 (d a2 d a:i ) + l}[X 2 (d aa d ai ) + l]D ai D a2 
+ [X 2 (d a3 d ai ) + l][X 2 (d ai d a2 ) + l]D a2 D a3 } 
$(z 1 ;a 1 )<£>(z2;a 2 )<S>(z 3 ;a 3 ) | ai=a2=a3= o (6.2.28) 

Other terms are 



^ 01 ($(^)) = 0, (6.2.29) 

A n mz)) = \-ex V W{ +[X 2 (d ai d a2 ) + l](d ai V 23 )a a3 D a2 
16 

-[X 2 (d ai d a2 ) + l](d a2 V 31 )n a3 D ai 
+[X 2 (d a2 d a3 ) + l](d a2 V 31 )n ai D a3 
~[X 2 (d a2 d a3 ) + l}(d a3 V 12 )a ai D a2 
+[X 2 (d a3 d ai ) + l](d a3 V 12 )a a2 D ai 
-[X 2 (d a3 d ai ) + l](d ai V 23 )n a2 D a3 } 
§{z l ;a 1 )®(z 2 ;a 2 )§{z 3 ]a 3 ) | ai=a2=a3=0 (6.2.30) 

and so on. 

All these expressions can be written in a very elegant form. First we introduce 
Grassmann variables by 

Vai,Vai,Va 2 ,Va 2 7Va 3 ,fja 3 - (6.2.31) 

Then we change expressions in the formula (16.2.121) in a following way 

1 1 

(d ai d a2 ) -> (<9 ai <9 a2 ) + -r] ai r] a2 U a2 + - Va2Vai n ai , (6.2.32) 

(d a2 d a3 ) {d a2 d a3 ) + ^Va 2 Va 3 ^a 3 + ^Va 3 Va 2 ^a 2 , (6.2.33) 

1 1 

(d a3 d ai ) ~* (0 a3 d ai ) + -VasVa^n + ^la^a^a^ (6.2.34) 

(<9 ai V 23 ) -» (9aiV 23 ) + ri ai f] a2 D a2 - r] ai fj a3 D a3 (6.2.35) 

(^a 2 V 3 i) -> (9 a2 V 3 i) + Va 2 Va 3 D D ai (6.2.36) 

(d a3 V 12 ) -> (9 a3 Vi 2 ) + r)a 3 fj ai D ai - r] a3 f] a2 D a2 . (6.2.37) 
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and can write 

A($(z)) = J dr] ai df] ai dri a2 df] a2 dr] a;i df] aa (l + r) ai fj ai )(l + Va 2 Va 2 )(1 + Va 3 Va 3 ) 

expW$(z 1 ;a 1 )$(z2;a 2 )$(z 3 ;a 3 ) | ai=a2=a3=0 , (6.2.38) 

where 

W = ^[1 + A 2 (d ai <9 a2 + ^q ai f] a2 U a2 + ^77 a2 77 ai n oi )][9 a3 Vl2 + Va 3 fj ai D ai - T] a:j f] a2 D a2 ] 

+ + ^{da 2 d a3 + ^Va 2 Va 3 ^a 3 + ~Va 3 Va 2 °a 2 )] [d ai V 23 + VaiVaa D oa ~ VatVa 3 Da 3 ] 

1 11 

+ g t 1 + X2 ( 9 ^ 9 ai + -^Va 3 V ai O ai + -VaiV^aaWaa^Sl + Va 2 Va 3 D a3 ~ Va 2 V ai D ai ] (6.2.39) 

This operator generates all terms in the cubic interaction of any three HS fields 
with any possible number of derivatives A in the range A min < A < A max . 
Another possible form of the W operator is 



1 



1 



+ [1 + X 2 (d a2 d a3 + )]R 1 v 2 ) + Vai Va 2 D a2 



2 7 la,3 r la 2 Da 2 + ^ ^a 3 f/a 3 -D a3 ] 

^r] ai fj a3 D a3 + ^VatV ai D ai } 

1 



W = [l + A 2 (4 1 9 a2 + -r ?ai r /a2 n a2 )][(a a3 V 1 ) + -r ?a3 r ?aiJ D 

+ [1 + X 2 (d a3 d ai + -VasVa^aMid^Vs) + ^Va 2 Va 3 D a3 - ^7] a2 f] ai D ai + ~r}a 2 f)a 2 D a2 }(():2. 10) 

This case generates the Lagrangian derived in previous chapter. The leading term 
of that Lagrangian is (16.2. lj) . These two operators (16.2.391) and (I6.2.40p generate 
two Lagrangians that differ from each other just by partial integration and field 
redefinition. All interactions of HS gauge fields with any number of derivatives 
are unique and are generated by both operators (I6.2.39[) and (16.2.401) . 
In the case of (I6.2.39P we have 








1 


2 


3 





A 00 





A 20 





1 





A 11 


A 21 




2 


A 02 


A 12 






3 


A 03 









(6.2.41) 
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In the case of (I6.2.40P we have 








1 


2 


3 





„4 00 


A 10 


A 20 


„4 30 


1 





A 11 


A 21 




2 





A 12 






3 


„4 03 









Both forms of the same cubic Lagrangian are very useful for further investigations. 



Chapter 7 

Conclusions and outlook 



In this Thesis I present first of all recent results in the theory of Higher Spin 
gauge field interactions. In addition a powerful method of constructing higher 
order conformal invariants is presented. 

The cubic interaction problem in Higher Spin gauge field theory is solved in 
the most general case covering all possibilities. The other beauty of the result is 
the compactness and clearness of final formulas, that can be derived from a Gen- 
erating Function, which reproduces all possible nontrivial interactions between 
massless Higher Spin gauge fields in a flat background spacetime. However, it is 
not trivial to continue this construction to higher orders on the gauge field. The 
solution of the main problem of existence of a local (or nonlocal) Lagrangian for 
Higher Spin gauge fields is very close now: the problem of the quartic interaction 
is an urgent and real task which could shed light on the solution in all orders. 

These results can be used also to test AdS/CFT correspondence between 
critical O(N) sigma model and Higher Spin gauge field theory on AdS (after 
deformation to AdS from an even dimensional flat space). 

Another important point here is that the interactions in flat space-time de- 
rived in this Thesis are independent of the space-time dimensions. At last we 
note that the structure of the Generating Function for these interactions leads to 
new connections with the massless regime of String Theory. 



99 



Appendix A 



The Euclidian AdSd+i metric 

ds 2 = g^{z)dz»dz» = -±-5^dz»dz» (A.l) 

\ z ) 

can be realized as an induced metric for the hypersphere defined by the following 
embedding procedure in d + 2 dimensional Minkowski space 

d 

X A X B VAB = -X\ + Xl + Y, X l = -!> ( A -2) 

i=i 

2 y 

= * . (A.5) 

Using these embedding rules we can identify the variable ((z, w) as an 5*0(1, d+1) 
invariant scalar product 

- X A (z)Y B (w)r jAB = ^— (^z Q w Q + jy z - wf}j = C = u + 1, (A.6) 

and therefore can be realized by cosh of a hyperbolic angle. Indeed we can 
introduce another embedding 

X-ifawv) = cosh??, (A.7) 
X^r],u^) = sinhr^ , ^wj = l, (A.8) 

rf s 2 = rf^ 2 + s inh 2 r] dVl d . (A. 9) 

In these coordinates the chordal distance u between an arbitrary point X A ( y i], 
and the pole of the hypersphere Y A {rj = 0,cu M ) is simply 

( = -X A Y B r] AB = cosh??. (A. 10) 
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Therefore the invariant measure is expressed as 



d-i 



yfgdr]dVL d = (sinh r{) d dr]dVt d = [u(u + 2)] 2 dudVt d . (A. 11) 

So we see that the integration measure for d — 3 (D — d + 1 = 4) will cancel 
one order of u~ n in short distance singularities and we have to count the singu- 
larities starting from u~ 2 which is "logarithmically divergent" in standard QFT 
terminology. 

In this article we use the following rules and relations for u(z, z f ), 7 la , 7 2c and 
the bitensorial basis {Ii}j =l 



□u=(d+l)(u + l), V^d u u = g^(u + l), g^d ll ud v u = u{u + 2), 
d^dv'iiV^u — (u + i)d v >u, d lx d V 'uW i d l j,iU = g^> u > + d^ud^u, 
V '^dvdv'uV^u = d u ud u tu, V^d^u = g^d^u, 

t h tj l = 4 + & t h tj-' = <" + D ' h = 2(<i + 1)4 

q^ 1 *-^ 1 * = «(« + 2)/ 2 2 c , n a / 3 = 2(d + l)/ 2 2 c + 2c 2 M (« + 2), 
V^— /! = (d + l)/ 2c , h = (d + 2)(u + 1) J 2c , VJifyu = / 2 , 

V^/ 3 = 4/!/ 2c + 2(d + 2)(« + l)c 2 7 la , V/a^u = 2(u + l)/ 2 , 

d d d 

—hd^u = (u + l)I 2c , g—hd^u = u(u + 2)7 2c , ~— TlV^/i = hhc, 

f.1 fj, [A 

d d 

hV»h = he ((« + l)h + h) + C 2 2 I la , -— J 2 V„Ji = hch, 



^-/2V„/ 2 = 2(« + 1)7^/2, V/iV^/i = a 2 7 2 c , □/! = /!, 



A.12) 
A.13) 
A.14) 

A.15) 

A.16) 

A. 17) 

A.18) 
A.19) 
A.20) 

A.21) 

A.22) 

A.23) 
A.24) 
A.25) 
A.26) 



V M 7xV M 7 2 = 7 2 7i + a\(u + l)7 2 2 c , D7 2 = (d + 2)7 2 + 2{u + l)h, 
V^7 2 V M 7 2 = 7 2 + 2(u + l)hh + a 2 7 2 > + l) 2 + c 2 7 2 a , 
a M V M 7 la = a 2 (u + 1), a^V M 7 2c = 7 1; a^V^/i = a 2 7 2c , 
a At V M 7 2 = a 2 ( M + l)7 2c + 7 la 7 1) . 

Using these relations we can derive (F k := ^F k (u)) 
• Divergence map 

V^¥[F] = I^-'iDtveF] + 0(c 2 ), (A.27) 

(Div e F) k = (£-k)(u + l)F' k + (k + l)u(u + 2)F' k+l 

+(£ -k)(£ + d + k)F k + (k + l)(£ + d + k + l)(u + l)F fc+ i(A.28) 
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• Trace map 

n a ¥[F] = I 2 2c ¥- 2 [TnF\ + 0(c 2 ), (A.29) 
(Tr e F) k — (£ — k)(£ — k — l)F k + 2(k + l){£ - k - l)(u + l)F k+l 

+ (k + 2)(k + l)u(u + 2)F k+2 . (A.30) 

• Laplacian map 

U^[F] = * e [Lap t F] + 0(al c 2 ), (A.31) 

(La Pe F) k = u{u + 2) FX + (d + 1 + 4k) (u + l)F' k + [£ + k(d + 21- k)]F k 

+2{u + l){k+ l) 2 F k+1 + 2(£-k + 1)F^, (A.32) 

□F fc (u) = u(u + 2)F' k ' + (d+l)(u + l)F' k . (A.33) 

• Gradient map 

(a ■ V)i*'[F] = I la ¥[Grad e F] + 0(a 2 ), (A.34) 
(Grad e F) k = F' k + {k + l)F k+l . (A.35) 

At the end we present all important commutation relations working in the 
space of symmetric rank n tensors 

[(VcO, U]f^{z, a) = [2(aV)D a -(d + 2n- 2)(V9„)] / (n) (^ a) I (A.36) 

[(V9 a ), (aV)]/W(z,a) = a/ (n) M + [V„, (aV)]^/W(*,a); (A.37) 

[V„, (aV)]c£/^(z, a) = [a 2 D a - n(d + n - 1)] f™(z, a); (A.38) 

[□,(aV)]/W(z,o) = [2a 2 (V«9 a ) - (d + 2n)(aV)] / (n) (^,a); (A.39) 

□ a [a 2 / (n) (^ a)] = 2(d + 2n + !)/<»>(*, a) + a 2 D a /< B >(z, a). (A.40) 



Appendix B 



These two useful hypergeometric identities we learned from the book of H. 
Bateman and A. Erdelyi "Higher transcendental functions" V.l, McGraw-Hill 
Book company Inc. 1953. 

2 F lM ,2M = (i-^V^.^ + i;^) 2 ), (B.1) 

2 F 1 (a,b,c;z) = ~ "\ (-2)-^ (a, 1 - c + a, 1 - b + a; z~ l ) 

1 (ojl (c — a) 

1 (ojl (c — a) 
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Appendix C 



Here we present the basic relations between different T-s, M-s and N-s which 
we use in section 14.21 



T(n, k) = {-l) m J2 \ m )T{n-i,k + m-i), (C.l) 
i=o ^ 



T(n, k) = (-l) m J2[ m )T(n-i,k-m), (C.2) 



i=0 

and the same for M and N. There is another important relation 
T(n, k) = -M{n — 1, fc) — ^ — iV(w - 1, Jfe - 1) 

_[ ("-*-')(%+"-*-«) + ^1]^ - 1, k) 

-41^ 1 V M ...V M *V M+ ,...V fc _ 1 (D - D{ °~ 2) )4>, (C.3) 
and the 'symmetrization' relations 

M(2/fe + 1, jfe) = M(2k + 1, fc + 1) = --M(2jfe, fc), (C.4) 
iV(2ife + 1, jfe) = N(2k + 1, jfe + 1) = -~JV(2A;, fc), (C.5) 

' (m " 1)(m " 2) iV(2m - 2, m - 1) - (m " " 2) N(2m - 4, m - 2), (C.6) 



6L 2 v 12L 2 

M(2m - 2,m- 1) = eJ^ 1 ^^ a V (M1 ...V^ l V a) 0V^...V' < »»- a V a V 

' (m " 1)(m " 2) -N(2m - 2, m - 1, m - 1) - (m " ~ 2) N(2m - 4, m - 2) 



3L 2 v 6L 2 

(C.7) 

We must mention here that these relations are satisfied up to full derivatives and 
therefore admit integration. 
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Appendix D 



We use the following commutation relations in AdSo 

[V ^, Vw . . . . V = ^^e^-^-V^ . . . (D.l) 



r\7 \7 Wlffi-W-i - 2k ( D + ^ 2 ) fc(fc + 1) Wfc+i-w-i 
[v Ml . . . v Mfe , v je — e (k-i) 



(D.2) 



^ 1 [VM,V w -VjV^= fc(2g 2 ^ 3) 6^-^V M1 ...V Mfc 0, (D.3) 

e" 1 -*- 1 [V 2 , V M1 . . . V = fc ( J+ j- 2 ) ^-iv w . . . V Mfc 0, (D.4) 

where e^-w-i is the symmetric and traceless tensor. Finally we list all necessary 
binomial identities 

\ / 1 \ n—m / \ / i 

n\ . , . „ m I n — 1 \ , ..J w \ I n — \ 



k=0 x 7 x 7 fc=0 



Ai — 1\ fn — 1\ ft — m — 1\ m — 1 (I — m — 1\ 
,aJ = U-i] + V fc J' 1 m-2 J = £ - 2m + 1 V m-1 J' ( 
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Appendix E 



Here we present all Weyl variations necessary for the derivation of ( I4.2.63P - 
( I4.2.66P 

J m=l ^ ' 



I V ( l) m 1 ft m 3\ M2m 

m=l ^ ' 

+ E^rf ~ ™ 7 3 ) ^ i - 2 r ) :-2)V, 1 ...v, m v a 0v Mm+1 ...v, 2m v> 

m=l ^ ' 

(E.l) 

We don't have to calculate 0(jp) terms because they can be fixed from flat 
space considerations and gauge invariance of Fronsdal's operator in AdS. The first 
term in (IE.1I) can be cancelled by an additional gauge transformation of all gauge 
fields with spin less than I. To cancel other terms we calculate the variation of 

YftxSf m) {<j>M 2m) ): 

5lsf m) {4>M 2 \-M 2m) ) 

+^^ n <- 2 ^r 2 v, 1 -..v, m . 1 0v, m ...v 



(i-2m) V Ml" - V Cm-lV V Mm" - V M2m-2 l 

D, 

2 > u {t-2m) 



+(-l) m (l - -)</: 2 ^T" V M 1 ---V, m _ 1 V a 0V, m ...V, 2m _ 2 V>}. (E.2) 
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and the variation of £™=i Sf m) (<f), h^): 

<^ = \ E / ^^^{[2m(2m - - 2(m -!)(£> + 4m - S)^ 1 ] x 

m=l 

v V7(/i2m-2 _Ml---M2m-3)vn(2m-2) 1 
AV °(^-2m+l) *|Ul.../i2m-2J 

/ ^^{2m(l-y)a5^ a V M ...V^_ 1 V a ^...V^_ a V^} 

m=l 

I- 1 

I d D z^{[-m(m - l)& m - - 2m + 2) (/J + £ + 2m - 5)^ _1 ] x 

m=l 

xn </- 2 ™r 2 v m ---v Mm _ 1 0v Mm ...v M2m _ 2 0} 

4 / d'V^tfp + 2£ - 5)Cf - 1 n^-«-V /11 ...V„ /2 _ 1 0V^,..V w _ 2 0} 
+0(4) (E-3) 
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Then finally we get 



1/2 



1/2 



s=l 



£/2-l 



= [d D z^{( £ J^^Ae-mC^ll + iD + Am- IR 
m=l ^ \ m J 

t/2 

+ - E [(2m + 2)(2m + l)££ +1 -2m(Z) + 4m-4)£™]}x 



m ] 
2m+2j 



s=m+2 

v V7 (P2m 1 ■ ■ ■ V2m - 1 ) q. (2m) 
X V G (l-2m-\) %i-M2m 



xn^-^-V Atl ...V W/2 _ 1 0V^ /2 ...V w _ 2 ( 

£/2-l 



+ E J dDz ^{-^\ m _ 2 y,-{m-l)C7]-C?{D + Am-h)t 



m— 1 
2m 



m=l 
C/2 



I £ C |[_ TO ( m _l)^_( 2s -2m + 2)(L> + 2 S + 2m-5)e 2 T 1 ]}x 



s=m+l 

xn </-2™r 2v ^--- v ^^ v ^--- v ^- 2 

D 



+ J d D zV=g{(-iY /2 (i - - - A £ )a^-«-v w ...v M£/2 _ 1 v Q 0V^ /2 ...v w _ 2 v a 0} 



E /^v^{(-ir^f 

m=l ^ 



— m — 2 
m — 2 



£/2 



(E.4) 



s=m+l 



^From this expression we can derive our system of equations (14.2. 63P - 04.2. 66ft . 



Appendix F 



Proof of Cf J 



The expression for £j 1,0 ' ) (15.3.391) is right since the following remaining group 
of terms vanishes: 



sinis 2 ( s 
2 (" 

S2U2SI ( s 
S 2 U 2 S 3 ( s 

s 3 n 3 s 2 

■S3^3-Sl c (s. 
— s lQl2S2Cf 



-S2Q23SzC { ^ i 



[TiQijlm - 1, n 2 , n 3 ), (cV 3 )](e (si - 1) /i (s2) J D (s3 ~ 1) + Z^- 1 )/^)^-!) 
[r(Q<i|ni - 1, n 2 , n 3 ), (6V 2 )](^ (si " 1) e (S2 - 1) /i (s3) - e^ 1 ^ D^ 2 '^ h {ss) 
[^(Qylni, n 2 - 1, n 3 ), (aVi)]( J D (si - 1) e (s2 - 1) /i (ss) + e^-V D^-V h M 
P^Q^m, n 2 - 1, n 3 ), (cV 3 )](/i (si) J D (s2 " 1) e (ss - 1) - /^e^" 1 )/)^-!) 
[r(Qy|ni, n 2 ,n 3 - 1), (6V 2 )](/i (si) J D (s2 " 1) e (s;i - 1) + fc(-0 e (-n-i)£)(«3-i) 
[fiQijln^nz,^ - 1), (aVi)](e (si - 1) /i (s2) J D (s3 - 1) - D^" 1 )/^^*-!) 
f(Q 12 - l,Q 23 ,Q 3 i\n l )e^D^h^ 
T{Q 12 , Q 23 - 1, Q31 k^ 1 ^ 2 " 1 ^- 1 ) 
T(Qi 2 ,Q 23 ,Q 3 i - llni)^^- 1 ^^ 2 ^^- 1 ). 



Indeed calculating commutators in the leading order and using relation (15. 3.35ft 
we see that 



(F.l) 
(F.2) 
(F.3) 
(F.4) 
(F.5) 
(F.6) 
(F.7) 
(F.8) 
(F.9) 



= s 1 s 2 (Q 23 + l)C^ +1 ^ n3 f(Q 12 ,Q 23 ,Q 31 \n 1 ,n 2 + l,n^ (F.10) 



which exactly cancels (1F.9|) after a corresponding shift of n 2 and using relation 
(I5.3.36p . In a similar way we can prove cancelation of the other two sets of three 
lines. 

To prove formulas for df' ^ and df^ we should manage the commutators of 
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T operators with a,b,c, gradients in the following expression 

2 *> n ^ . 

[nm 3 f (Qij |m - 1, n 2 , n 3 - 1), (6V 2 )]( J D (si_1) J D (S2 " 1) e {s3 ~ 1) + D^ 1_1 ^e^ 2_1 ^Z)^ 3-1 ^) 
[r^na^QijIm.na -l,n 3 - 1), (aVi)]( J D (si - 1) e^- 1 ) J D^- 1 ) + ^-D^- 1 )])^- 1 )) 
[n l n 2 f(Q ij \n 1 -l,n 2 - 1, n 3 ), (cV3)](e^ 1_1 ^^ 2_ ^D^ 3_1 ^ + i^( sl_1 )£)( S2_1 ) e ( S3_1 )) 
-n 3 Q 12 T(g 12 - l,g 23 ,Q 31 K,n 2 ,n 3 - l)( e ^D^D^ - e^D^-D^-D) 
-n 2 Q 31 f(Q 12 ,Q 23 ,Q 31 - l\n u n 2 - l^p^Z^-V' 3 - 1 ) - D^-D^-Dd^-D) 
-™iQ 23 T(Q 12 ,Q 23 - 1,Q 31 K - l,n 2 ,n 3 )(D^- l h^D^ _ e <«i-i)£>(«-i)£>C-3-i)) 

(F.ll) 



and use again (I5.3.34|) - f!5.3.36j) to show that (IF. Ill) is zero. 
The remaining terms are: 

1 -(si) 



and 



2 ( n i> 

-siQi 2 s 2 (s 2 - i)[t(q 12 - i,g 23 ,g 3 ik), {bv 2 )]e^h^h^ 

s 2 Q 23 s 3 {s 3 - l)[f(Q 12 ,Q 23 - l,Q 31 \m), (cV 3 )}h^e^-VU s *~V 
-s 3 Q 3 M*i ~ l)[f(Qi 2 ,Q 2 3,Qsi - l\n i ),(aV 1 )p s ^h^e^], (F.12) 

SlS 2 S 3 " 

4 K) _ 

-n 3 Qi 2 (s 2 - l)[T(Qi 2 - l,Q 2 3,Q3i\ni,n 2 ,n 3 - 1), (6V 2 )] 
(e (si_1) /i (s2 ~ 2) D^ 3-1 ) - £)( s x-i)^(s2-2) e (s3-i)) 

-^i<523(s 3 - l)[T((5i 2 ,Q 23 - 1, Q 3 i|^i - l,n 2 ,n 3 ), (cV 3 )] 

m(si-l) e (s2-l)^(S3-2) _ £ (S1-1) £)(s2-l)^(s3-2)~) 

-n 2 Q 3 i(si - l)[r(<2i 2 ,Q 2 3,Q 3 i - l|ni,n 2 - l,n 3 ), (aVi)] 



(F.13) 



S 3 Si(Si 



^^^QaiTCQia.Qaa.ga! - %i - l,n 2) n 3 ) 

(<5/i {si - 2) /i (s2) J D (s3 - 1) + 2(VD) (si - 2) /i (s2) e (s3 ~ 1) ) 
sis 2 (s 2 - l)n 2 



C^Qi 2 f(Q 12 - l,(5 23 ,Q3i|ni,ri 2 - l,n 3 ) 
(•£)(si-i) ( 5/ l (s2-2)^(s3) + 2e ( Sl - 1 )(V J D) (s2 " 2) /i (s3) ) 

- 8283(83 4 ~ 1)W3 cg; ) ) g 2 3T(g 12> g 2 3 - i,Q 3 ik,n 2 ,n 3 - 1) 

(/ l (»i)£)(«a-i) ( j^(«s-2) + 2/ i ( sl ) e (s2 " 1) (V J D) (s3 ~ 2) ), (F.14) 
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The last DDh terms coming from our calculation are: 
4 K) _ 

-(s 3 - l)n 1 n 3 Q 23 f(Q 12 ,Q 23 - l,<?3iK - l,n 2 ,n 3 - 1) 
(])(«i-i)])(«-i)^(o-2) + 2D (si - 1) e (s2 ~ 1) (V J D) (s3 ~ 2) ) 

-(s 2 - l)n 2 n 3 Q 12 f(Q 12 - 1, Q23, Q31K, ™2 - l,n 3 - 1) 
(£>(*i-i)^/ l (s2-2)£)(s3-i) + 2 e ('i- 1 )(VD)(' J - 2 )])( >J - 1 )) 

-(si - l)nin 2 (53iT , (Qi2,Q23,<53i - l|m - l,n 2 - l,n 3 ) 
(5/i (si - 2) J D (s2 - 1) J D (s;5 - 1) + 2(VD) (S3 - 2) J D (S2 - I) e (s3 - I) )l . (F.15) 

These terms can be used in the same fashion for proving the remaining part of 
to contain traces. 
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